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Background Deep learning and specifically neural networks (NNs) [3] have emerged as some
of the most powerful algorithms applicable to a wide range of problems [2, 7, 4]. Recent
results have investigated the convexity of high-dimensional datasets, both in the input domain
[8], as well as in the latent space of feature extractors [6]. It is found that image datasets
such as CIFAR-10 and MNIST form convex hulls in the input domain and admit (partially)
convex decision boundaries in their respective latent representation. Convexity is, furthermore,
associated with few-shot learning and generalization [6]. This finding motivates us to study the
emergence of convex decision boundaries in modern deep learning architectures and datasets.

Convex Separability and Nearest Convex Hull Classification The emergence of convex
hulls in image datasets intuitively motivates the application of nearest convex hull classification
(NCHC) [5]. NCHC of 𝑛 classes requires to solve 𝑛 constrained quadratic programs, and moves
the complexity of gradient descent from training to inference. The concept of convex separability
is defined analogously to linear separability but with respect to NCHC: If there exists a training
set Ztr ⊆ Z which admits an NCHC generalization error 𝜖g = 0 on a classification problem
Z = {Z1,Z2}, then Z is convex separable [1]. See Fig. 1 for examples. It is postulated that
the generalization error 𝜖g of NCHC is a measure for the convexity of decision regions, similarly
to the Euclidean measure introduced by Tětková et al. [6].
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Figure 1: Examples of convex separable and non-convex separable classification problems. (a) A learning task which is both linear
and convex separable, a possible training set configuration and the corresponding convex hulls which admit 𝜖g|Ztr = 0 are
depicted in (e). (b) An XOR style classification problem which is convex separable (see (f)), but not linear separable.
(c) A non-convex separable dataset, where (g) plots possible corresponding convex hulls. (d) A non-separable problem,
as the sets Z1 and Z2 overlap. (h) Two convex hulls of overlapping training sets.
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Figure 2: Illustration of an end-2-end training procedure of a feature extractor followed by NCHC read-out layer.

Recent Results The theoretical and empiric study [1] found that there are convex separa-
ble problems on which multi-layer perceptrons (MLPs) struggle, whereas NCHC excels with
significantly reduced error floors at lower number of training samples. This effect, however,
was only observed on synthetic data which is asymptotically convex separable in the noise-free
regime. As the noise-power is increased, the MLP exhibits lowered generalization error when
compared to NCHC. We postulate that this is due to the convex decision regions breaking down
systematically which hurt NCHC performance while the MLP can learn non-convex decision
boundaries.

Overall Project Aim The project has two main aims. Firstly, we want to analyze if NCHC
can translate the significantly reduced generalization errors on convexly separable synthetic
data [1] to latent space representations of real-world data. This includes the study of NCHC on
latent representations of NN-based feature extractors, end-2-end training/fine-tuning of a NN
followed by NCHC read-out layer as illustrated in Fig. 2, and the study of further datasets of
different modalities, i.e. video, audio or text. Secondly, we need to refine our understanding of
how convex separability relates to convex decision boundaries. To this end the synthetic dataset
of [1] shall be analyzed for convex decision boundaries using the Euclidean convexity measure of
[6]. Additionally, we aim to investigate if modern deep-learning architectures handle convex
separable tasks better than standard MLPs.

Project Objectives The main objectives of this thesis can be summarized as follows:

• Identification of state-of-the-art (SOTA) feature extractors on image datasets.

• Evaluation of NCHC on latent space representation of feature extractors on 1-3 datasets.

• Implementation of end-2-end fine-tuning of the feature extractor and NCHC.

• Comparison of NCHC generalization error and Euclidean convexity measures.

• Evaluation of modern deep learning architectures (transformers, convex neural networks,
modern Hopfield models, ...) on the synthetic, convex separable dataset.

The objectives may be adapted based on the project type (Bachelor Thesis, Research Project,
Master Thesis).
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Prerequisites The following qualifications are required in order to pursue this project:

• Good knowledge of linear algebra.

• Basic knowledge of (convex) optimization.

• Good programming skills in Python (JAX, PyTorch or Haiku, numpy).

• Beneficial: experience with Git.

• Beneficial: experience with convex solvers (e.g. cvxpy or jaxopt).

• Beneficial: experience with bash and slurm.
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