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Abstract

Generalized Approximate Message Passing (GAMP) algorithms are highly effective for
signal recovery and can be derived as asymptotic approximations of Expectation Propagation
(EP). EP constructs approximate posteriors by iteratively combining extrinsic information
with prior factors, whereas low-complexity algorithms such as GAMP derive extrinsics directly
from posterior beliefs. In the Gaussian case, we show that extrinsics are closely related to
Component-Wise Conditionally Unbiased MMSE (CWCU-MMSE) estimation, while posterior
beliefs yield standard MMSE (linear MMSE) estimators. We rederive the revisited GVAMP
algorithm as an asymptotic alternating minimization of the Kullback—Leibler divergence and
analyze extrinsics via asymptotic perturbations linking posterior beliefs and extrinsic messages.

We further study AMP from the perspective of the Bethe Free Energy (BFE) of generalized
linear models. By applying large-system-limit (LSL) approximations directly to belief propa-
gation, we clarify the relationship between posterior distributions and extrinsic messages and
rederive fundamental deterministic variance results. This interpretation explains the struc-
ture of augmented Lagrangian formulations used in convergent AMP variants and facilitates
extensions to more complex models.

Finally, we apply investigate the LSL in bilinear systems by studying semi-blind chan-
nel estimation in cell-free massive MIMO uplink communications. We propose a simplified,
decentralized EP-based approach that combines orthogonal pilots, central limit theory, and
scale-aware updates, significantly reducing computational complexity while mitigating pilot
contamination.
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1 Introduction

Sparse signal recovery is a fundamental problem in signal processing with a wide range of appli-
cations. Many of these problems can be framed as the task of estimating a latent vector « based
on a correlated observation vector y [1]. In the Bayesian framework, the complexity of Canonical
Methods such as MMSE and MAP experiences exponential growth as the dimension of the problem
grows.

By exploiting the structure of the models, graphical model based methods prove to be effective.
Belief Propagation (BP) transforms the global inference problem into a local inference problem
as outlined by [2]. Loopy Belief Propagation (LBP) extends BP by directly employing BP on a
factorization scheme for p(x|y) that may involve loops [3]. In comparison to BP, LBP can be
considered as an approximation method.

A limitation of (L)BP is that the (iterative) updating scheme leads to pdfs that correspond
to the product of a large number of messages, leading to high complexity. To address this issue,
Expectation Propagation (EP) was introduced [4]. EP has been shown to share a similar updating
scheme as (L)BP, but for computational efficiency, the messages in (L)BP are projected into a
suitable member of the family of exponential distributions [4].

Variational Bayes (VB) [1] provides a method seemingly parallel to (L)BP. VB aims to approx-
imate the true posterior p(x|y) as a simpler distribution §(x). It introduces variational free energy
DIg(x)||p(x|y)] which is the Kullback-Leibler (KL) divergence. The approximate distribution is
obtained by minimizing the KL divergence.

1.1 Prior Work

In both [1] and [5], the authors unify EP and BP within the framework of minimizing variational
free energy. They demonstrate the close relationship between the fixed points of various message-
passing algorithms and the stationary points of Bethe Free Energy (BFE).

EP can serve as an inference method in the generalized linear model (GLM). However, the
computational cost corresponds to propagating 2M N messages as in Fig. 2 when the data matrix
A is of size M x N. Generalized Approximate Message Passing (GAMP) [6] builds upon EP, but
through the application of large system approximations (LSA), it effectively reduces the number of
messages to M + N extrinsics and (marginal) posteriors, providing a more computationally efficient
approach.

In [7], the authors investigated the fixed points of the Generalized AMP (GAMP) algorithm for
GLMs. They discovered that GAMP shares the same fixed point as the stationary points of the
Large System Limit Bethe Free Energy (LSL BFE). In [8] we then proposed AMBGAMP which is
guaranteed to converge. Building upon the works of [1], [9], [8], [10], [11], and [12].

The Component-Wise Conditionally Unbiased (CWCU) Minimum Mean Squared Error (MMSE)
estimator is introduced in [13] and rederived in [14] for both joint Gaussian models and linear mod-
els. This concept was also used in [15], where the authors call it individual bias compensation.
The connection between CWCU MMSE estimation and extrinsic information is explored in [16]
specifically for linear Gaussian models.

1.2 Main Contributions

We rederive the reGVAMP algorithm that we introduced in [16], [11], from the point of view
of alternating minimization of a LSL version of a desirable KLD. The asymptotics here involve
only the CLT for extrinsics. We then derive the GAMP algorithm by directly introducing LSL
simplifications in the LBP algorithm. This leads us to relate extrinsic messages to posterior pdfs by
first order Taylor series expansion based perturbations. We also apply LSL approximations to the
variances of the various Gaussians involved, which in fact leads to a rederivation of a fundamental
LSA theorem describing the deterministic limit of LMMSE posterior variances.

We then investigate the LSL in Bilinear systems. We present a simplified, decentralized, EP-
based method designed to address the Semi-Blind estimation problem in communication systems.
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By utilizing orthogonal pilots, we are able to decouple the channels for different users into mutually
exclusive groups, which reduces computational complexity. To further decrease computational de-
mands, we integrate Expectation Propagation (EP) with Central Limit Theory (CLT), treating the
interference as noise. Drawing inspiration from [17], we introduce further simplifications through
scale analysis. Additionally, to lessen the load on the central processing unit (CPU), we explore a
decentralized scheme.

2 Bethe Free Energy of the Generalized Linear Model
2.1 Bethe Free Energy (BFE)

Consider a pdf factorization

p(@,y) o< [] fou (@a), (1)

o
where x,, is a subvector of . In case of a tree-structured factor graph, an alternative equivalent

form is [2]
[L.p(®a)
p(Ely) = =~ (2)
IL; pas) Mt

where M, is the number of subvectors x,, that contain z;. In (2), the p(x,) and p(z;) are the exact
factor (subvector) resp. variable marginals.

The concept of variational free energy suggests that to infer the marginals from a tree structured
p(x,y) given in (1), we can use as trial distribution

io(a) = iteelSel 3)

The true marginals can be obtained by [1]

min  F = Dg(@)|| [] fen (@a));

Qo (ma)v%ri(xi)
(4)
st.Va,Vi € Ly, gz, (z;) = /qwa (zq)das,

where we define the shorthand notation (for arbitrary nonnegative functions ¢, p) D(qllp) =
Jq(z)In %dm (which is the Kullback-Leibler Divergence (KLD) in case of normalized ¢, p) and
x; denotes all © except x;. The free energy can be expanded as

F =3 Dlga. (@)l fa. (a)] + Z(Mz‘ — D Hlga, (2)], ()

where H(.) denotes entropy in nats. Note that this representation only holds for a tree structured
distribution. For general graphs that contain loops, (2) no longer holds. Thus, in cases with loops,
(5) is only an approximation of the variational free energy. The expression (5) is instead called
Bethe free energy.

2.2 BFE of the GLM for BP
We consider a GLM with

N M
p(x)=][;Z, p(xi), 2= Az, p(y|z) = [[;Z, p(y;lz)), (6)
where the ratio N/M is a constant for large system considerations. We interpret the linear mixing
as a conditional probability p(z|lx) = 0(z — Az). (7)
From this general linear model, a joint (loopy) factorization scheme comes up naturally:
p(x,zly) x p(x,y,2z) = p(y|z)d(z — Az)p(z). (8)



CellFree6G Deliverable 5.2

According to the definition of BFE (5), the associated BFE based on the joint factorization scheme
(8) is calculated [1] as

F = D[ga(2)||p(x)]+ Dlgz(2)llp(y|2)]+ > _ Hlgz, (2:)]
’ 9
+ Dby z(x, 2)||0(z — Az)] JFZH[sz(Zj)]a ©

J

where ¢z, ¢z, bz, ¢z, and q.; are only approximate posteriors because of the loops in the factor
graph. Since we need to minimize the BFE given by (9), the distribution function by, ,(x,z) must

be of the form bon(,2) = by (2)0(2 — A), (10)
to avoid an infinite value of the KLD, leading to Dby ,(x,2)||0(z — Ax)] = —H|[b,]. For BP,
the BFE (9) needs to be minimized w.r.t. marginal consistency constraints g (x;) = bg(z;) =
e, (i), 4z(2j) = ¢z, (2j). Given the independent priors for , z, minimization of the BFE leads to
Gz (®) = [1; 4w.i (%), qa(z) = [[; a.5(2;). Furthermore, the maximization of H|[b;] under marginal
constraints leads to bz (x) = []; bx,i(x;). Together with the marginal constraints, this leads to the
cancellation of the entropy terms in & in the BFE, which becomes F' =

3" Dlae, (@) lIp()] + 3 Dlas, (23) sl )+ 3 Hlas, 25)] (1)

J J

which needs to be minimized under the constraint z = A x.

3 reGVAMP

reGVAMP (revisited Generalized Vector AMP) is motivated by only a single asymptotic approzima-
tion: the asymptotic Gaussianity of extrinsics. The extrinsic pdf of a variable z; is the conditional
pdf p(y|z;), in which z; is treated as a deterministic variable (no prior information), but the other
variables x; remain random and their prior pdf is exploited to eliminate them from the joint pdf.
The randomness of & and A will quickly lead to Gaussianity of p(y|z;) by the CLT (think of
asymptotic Gaussianity of Maximum Likelihood estimates).

reVAMP introduces both Gaussian and non-Gaussian marginal posteriors from Gaussian ex-
trinsics and the true prior. This involves also the introduction of Gaussian approximations for
the priors. Which in turn also leads to a multivariate Gaussian posterior approximation, which
exhibits the posterior correlations between the variables. reGVAMP postulates a factored posterior
approximation of the form

Qw,Z(ma z) = Hi Az, () Hj qz;) (Z])
=TT e ) () T, @, 25, (25, 12

where ¢, and ¢.; are the Gaussian approximations for the priors while m,, and m.; are the
Gaussian extrinsics for x; and z;.

A byproduct are non-Gaussian posterior marginals, e.g. of the form m;(x;) p(z;) where p(z;) is
the true prior for x;. Note that involving the true priors is something that could also be considered
in Variational Bayes (VB) [1]. reVAMP attemps to optimize the better KLD(p, q) whereas VB
optimizes KLD(g, p).

So, reGVAMP performs alternating minimization of the following KLD

arg min KLD(p(m7Z|y)||qw,z|y(m7z))7 (13)

dz,z|y
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with the approximate posterior as in (12). The KLD becomes

KLD(p(, 2|y) |z |y (®)] +KLD[p(z, 2|y) [| 2|y (2)

= >, KLD(p(z, z|y) ||z, |y (2:))

+Zj KLD(p(:B,Z|y)Hqu|y<Zj)) +ct (14)
= > KLD(p(2i|y) |, 1y (%))

+ Zj KLD(p(z;|y)llaz;1y(25)) + ct

where c' denotes some constant. In the last equality, we marginalized out the irrelevant variables.
The marginalized posteriors p(x;|y) and p(z;|y) are

p(zily) KPZS:) / p(yIZ)p(ZIw)gpzk(xk)dzd% (15)

extrinsic p(y|z;)

p(zly) < p(y, %) = [ p(y, z)dz;

= py1es(23) / TT pon s (20)6(2 — A)p(a)dadas.
prior k#j B J (16)

extrinsic p(y7,2;)

In order to see which probability the extrinsic for z corresponds to, consider the short hand notation
p(a) = [ 8(a — Az)pl@)de = (a2 )p() (1)

which depends only on the prior for @. Therefore, in (16),

f Hk;ﬁj Pyy |2y, (Zk)(s(z - A:c)p(:c)d:n

= Pyl (27)0(2512))p(2;) = p(¥5, 25, %)), (18)

Thus, we have
P(xily) ~ pa, (i) me, (), (19)
P(2j1y) = py; 1z (25)mz; (2))-
Due to the CLT, the extrinsics can be approximated as Gaussian when system dimensions increase.
The marginal KLDs become

arg min KLD(p(;|y)|| gz, |y (7))

Qa;ly

a;

arg min KLD (p(z;]y)(¢z, 1y (25))

9z;ly

= argmin KLD(py, - (2))ms, (2) -, (27)ms, (2)) (21)

3.1 reGVAMP from (Minka) EP

We can arrive at the same point (20),(21) by Minka-style EP. Approximate p by ¢ at factor level,
with

p((L‘,Z‘y) = 1/Zp prl(l‘z) prj|zj (ZJ) 5(Z — Ax),

Q(wvz) = 1/Zq quL (‘rl) quj (ZJ> m(wvz)'
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What is m(x,z)? The tilted pdf ps = 1/Z4 [[; ¢z, (%:) [ ¢2,(2) 6(z — Az) is already Gaussian,
hence is unchanged after Gaussian projection. So we can take m(x,z) = 6(z — Ax) and we get
q(z,2) = 1/Z4 I1; 4z (%:) [1; 42, (2j) 6(z — Az). For the optimization of a factor ¢, (z;), fit a
Gaussian to the tilted/target pdf

Pe(®,2) =1/Z5,, po. (@) [ [ don (@) [] ¢z (2)0(z — A) (23)
ki j
We get:
argming(,,y K LD(pz, ||q)

= arg min KLD(p(vk) [T aw (@) [ ] ¢z, (2)6(2— A2)|
v (T3 ki ;

J
[Ty, dwi (z) 11 42, (2)0(z — Az)) =
arg min )/p(mi)quk (xk)szj (2;)0(z— Ax) 1D(M)dmdz

qz; (T b ; Da; (1)
= arg min /p(xi)ln( p(:) )
G, (Ti qz; (xz)
(24)
/H e, (Tr) H qz,;(2)0(z — Azx)dxdz | dx;
ki J

=m,,(z;) Gaussian extrinsic

= arg min w; (Ti)Mg, (z;) In —————=dz;
i [oe trma, e m e S 0

i D, ()M, (24)
—arg min z; (Ti)Mg, () In ——————dx;
qgm)/mmm/p (i)ma (z:) q(zi)

Since mg, (z;) is Gaussian, it will suffice to fit a Gaussian in z;, say q(z;), via

KLD (p(xiy)llq(z:)) = KLD(pa, (x:)p(ylz:)/Zillg(2:))
~ KLD(py, (z:)ma, (i) /Zil|q(x)) (25)
= KLD(pa, (z:)ma, (2:)/ Zillqe, (2i) 000, (24) / Z7) -

The reVAMP algorithm [16] approximates the posterior to Gaussian with the approximated Gaus-

sian extrinsic: . )
p(anly) = PO ) 7, ) = o). (26)
Z2:(y)
where my, (z;) = N (x;; 714, 7r,). The approximate Gaussian posterior g(z;) is obtained by moment
matching with the better posterior approximation py, (x;) My, (z:)/Zy, .
We interpret the quotient of the approximated posterior and the approximate extrinsic as the
approximated Gaussian prior.

N'(zi;i:\,i ,Tzi)

N(a:i;ri,'rri) ’ (27)
1/0-21- = 1/7—11' - 1/7-7“1' y Ma; = 0-925@ (i‘\l/Th - lri/TTi) .

This Gaussian approximation ¢, (z;) does not correspond to direct moment matching of the true

prior p,, (z;). So, reGVAMP admits two points of view:

(1) minimize KLD(pl|q) with ¢ = [[, q(@:) [, a(2;)

(2) do Minka EP with ¢ = [, ¢z, (i) [} ¢z,(2;)0(z — Az)

Both points of view lead to the same results!

The sense of the Gaussian prior approximations ¢, (7;), g, (z;) is that they are the equivalent
Gaussian priors that, in the presence of the Gaussian extrinsics, produce the exact (nonlinear)
MMSE estimate and variance that the original non-Gaussian prior would do! Direct Gaussian ap-
proximation of the priors is very suboptimal because that would only produce the correct LMMSE

Pxz; (xl) ~ Qz; (xl) = N(x“mfﬂo—ﬂzh) X
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estimate and variance!!!
In the case the true priors are Gaussian, the two are the same of course.

Apart from the improved marginal posteriors my,(x;)ps, (x;)/Z; (and similar for the z;), to-
gether with §(z — Ax), the Gaussian prior approximations q., (2;), ¢, (2;) in reGVAMP lead to an
equivalent overall Gaussian linear model. This can be used for Large System Analysis (random A
model) for the resulting posterior variances (MSEs), as obtained by GAMP. reVAMP does alter-
nating minimization of KLD(p,q) which becomes iterative because an extrinsic m,, (z;) depends
on the approximate Gaussian priors [| i Qa; (x;), Hj qz,(2;). Since alternating minimization of a
convex cost function converges, reVAMP can be expected to converge.

The Gaussian extrinsics approximations p(x;|y) = m;(z;) are asymptotically tight. The Gaus-
sian approximations that are not tight and that constitute the variational approximations are
approximating marginal posteriors by Gaussian g(z;) or what follows from that, approximating
priors p., (z;) by Gaussian ¢,,(z;). Or the overall multivariate Gaussian posterior approximation
is not tight also, but at least captures full second-order moments.

Hence in one point of view, re(G)VAMP minimized the desirable KLD(p, ¢), which becomes
feasible thanks to asymptotic Gaussianity of the extrinsics like p(y|z;) ~ my,(z;). However,
re(G)VAMP can also be derived using EP, using a different formal posterior approximation.

4 Relation to CWCU MMSE Estimator

The algorithm proposed by [16] can be interpreted as an iterative method of finding consistent
extrinsic and posterior messages for the case of a AWGN p(y|z). [16] also shows the close relation
between CWCU LMMSE estimation [13] and the extrinsic. In the following, we will interpret the
extrinsic as CWCU LMMSE estimation based on the Gauss-Markov theorem.

Based on the discussion of the previous section, when deriving the extrinsic for z and x, we find
the system to be equivalent to a Gaussian linear model. Therefore, we can use the approximate
prior and approximate likelihood as if they are the true prior and likelihood when deriving the
extrinsics without large system approximations [14].

Consider jointly Gaussian y and z (scalar)

Yyl my, Cyy Cya
e ) &
Then the extrinsic p(y|x) is Gaussian and based on Gaussi-Markov theorem

—2Ilnp(y|z) = c+(y — my‘m)TC;ﬁE(y —my,), with
my, = my + Cyﬂﬁc;zl (x —my), (29)
Cylo = Cyy — Cy2Cry Cay

Interpreting (29) as a pdf in = (which Fisher called fiducial statistics), we can rewrite this quadratic
exponent as

—2Inp(ylz) = c(y) + (v — Tor)?/Caorzor

For = My +dCayCylly — my) = dzy, + (1 d)m,

CEOLECL = dchiLv

with (30)

/x\L:mw"‘CmyC;; (y - my)7 CiLfL:sz_CwyC;;Cym

d= ———5—>1

CayCyyCya
where Zcr,, Cz.,.50, are the CWCU LMMSE estimate and error variance, and Zr, Cz, 7, are the
LMMSE (and hence MMSE since Gaussian) estimate and error variance.
Now we will investigate the vector case. Define the operation Diag(C) = diag[diag(C)], which

returns a diagonal matrix from the vector diag(C), composed of the diagonal elements of square
matrix C.
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Interpreting the previous x as a component x; of a vector @, we can write

Zop=mg+D CpyCpi(y —my) = DZ,+(I— D) my,

Cicracr, = Cara, + (D - I)CfLﬁL (D 1) (31)
with
D=Diag(Cqe)[Diag(Cz,z,)) ™", Cz,5,=CayCyyCya
where the expression for Cz_, s, follows from
Top =x — Top =@ — (D — 1) CgyCpp (y — my), (32)

and the two terms in this difference are decorrelated by the orthogonality property of LMMSE
estimation.

Next, we’ll show: D = diag(mcr./71), where 71 = diag(Cz,,) and 7o = diag(Csz. 30y )s
and ”./” denotes element-wise division.

Cicracr=Cazra, + (D - I)CELEL (D -1
=Cgo —Cz,5,D-DCs,5, +DCz,7,D

Calculate the diagonal elements

diag(tcr) = Diag(Cz,ze,) = Diag(Crs)
+D Diag(CQLﬁL)DfDiag(CaLiL)D*D Diag(CQLQL) (34)
= Dz’ag(Cmm)[Diag(CiLiL)]’1Diag(Cwm)—Diag(sz),

where we use D = Diag(Cgy) [Diag(Cz,5,)] ! in (31).
Now we want to show D diag(7) = diag(tcyr) :

D diag(7z) = D Diag(Csz, %, )
—Diag(Cia)[Diag(Ca,a,)] (35)
‘[Diag(Cqee)—Diag(Cz,z, )| = diag(Tcr)

The extrinsic for & without large system approximations can be interpreted as CWCU MMSE
estimation from the Gaussian model

m, Amm AD,_.,.2 AT —+ Da.z ADa.z
e (] [ D) @

The underlying equivalent Gaussian linear model is
m, = Az + v, (37)

where & ~ N (mg, Dyz) and ve ~ N(0,D,z2).
Likewise, we can interpret the extrinsic for z as CWCU MMSE estimation from

Al P el o

Z m, Da.g Da.2

z

The underlying equivalent Gaussian linear model is

Amg, =2z + v, (39)
where z ~ N(my, D,2) and v, ~ N (0, AD,2 AT).
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y 2
Pyi|z
Pyrlzum
Dzy

Figure 1: Factor Graph for the GLM used by reGVAMP. Circles: variable nodes, squares: factor
nodes.

5 GAMP from LSL Belief Propagation

In reGVAMP, extrinsics in the GLM are built from the equivalent Gaussian linear model, which
introduces equivalent Gaussian priors from Gaussian posterior approximations and Gaussian ex-
trinsics.

GAMP exploits LSL simplifications of reGVAMP for a random A with i.i.d. signs which leads
to
(i) Gaussianity of extrinsics (also in reGVAMP), and
(ii) independence of marginals (extra w.r.t. re-GVAMP).
(ii) leads to the large system simplifications of the variances, avoiding covariance matrix inverses.
But also posterior and extrinsic estimates &, z and r, p that are constructed by combining decou-
pled pieces of information. These estimates are non-linear MMSE and CWCU MMSE estimates
in general. Extrinsics are not obtained as linear perturbations of corresponding MMSE estimates
because those are not necessarily close to each other. Rather the interplay between x and z is
exploited with perturbations due to the small effect of a single term in A in the LSL. In both
reGVAMP and GAMP, we have:
Gaussian extrinsics: N(x;r, 7,.), N(z;p, 7p), and
Posterior marginals proportional to: py () N'(; 1, T,.), py|2(y|2) N (2; p, 7,) with Gaussian approx-
imations N (x; Z, 1), N (2; %, T2).

reGVAMP considers the joint pdf factorization into M + N + 1 factors

N M
p(ﬁc, z, y) = 5(Z - A:L’) Hpm (xz) H Py |z (yklzk) (40)
i=1 k=1

where 0(z — Az) = Hf:j:l §(zx —alz), AT = [ay---ap]. The factor graph in Fig. 1 is without
cycles. The factor graph considered determines the associated Belief or Expectation Propagation
algorithms for minimizing the Bethe Free Energy [5]. GVAMP on the other hand considers the
following joint pdf factorization into 2M + N factors

N M
p(@,2,y) = [ [ P @) [] Pusie Welze) 6(21 — af @) (41)
i=1 k=1

10



CellFree6G Deliverable 5.2

p(tl
Dy;\z; 6(z; — a?x) /
pd)i
T
pyM|zM 5(ZM - aMx)
pa:N

Figure 2: Factor Graph for the GLM used by GVAMP.

which leads to the factor graph in Fig. 2 which does contain cycles.
Message passing in the GLM scalar level factor graph of Fig. 2 alternates between the following
message updates:

Mk (Tn) N/p(yk|zk) 5(zk— Ap.) [ [k (2m) dzrdas
m#n
Mo ke (Tn) ~ P, (Tn) Hmz,n(xn) (42)
ik

where ~ denotes equality up to a normalization factor. This results in:
marginal posteriors: my,(xy) ~ pg, (Tn) [1; min(xn),
extrinsic z : ~ [6(zx — Ag.) [1,, mnk(zn) de,
extrinsic x,, : ~ [[, min(zn).

Like reGVAMP, GAMP uses Gaussian approximations for extrinsics. This requires Gaussian
models for the messages. GAMP applies Gaussian approximations in 2 steps: (middle expression
= prior x Gaussian extrinsic)

M, () H/p(yk |21) 0 (2, — A ) qu,k(xm) dzpdxy

m#n
%Qk,n(mn) :N(xm Tk, Tlf,n) (43)
£k
— Qn,k('rn) = N(.Z‘n, ‘%n,ka T:f,k) (44)

5.1 Output Node

We get for the incomplete extrinsic for z:

/6(2516 _Ak,:w) HQW,k(xm) dmﬁ ~ N(Zk;pk,7L+Ak,7Lx7La T]f’n) (45)
m#n

11
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with
Phn = Akn Tk
Tkn Sk" n,k ~ Sk,ﬁ‘rﬁ
Define pk = Ak Z. ) = Pkon = Pk — AknTn k-
And Tk N =Th— Sk Ty ), Where T = Sk, Ts.
Neglectlng terms of order Sk.n, we get
N (253 Pk + Akn®ns T ) 2 N (215 D1+ Akn@n, 7)), (47)

with z,, = z,, — Tp,.
Then myn(2n) ~ Z.(pk + Ak nTn, Yi, 7 ) With

12
Z p7y7Tp fpy|z | e (=) dz . ,
Z, ~ 1 (5
Blng =Z.75% Tpp 7= le fzpylz(ylz)e 7y () dz
9%InZ, z; Ziv2 _
% = —Ts = —Ts = Zz - (Z)Q = _(1 - Tz/Tp)/TP

Then up to second order in Ay ,Z, (Laplacian approximation in MAP case, Gaussian moment
matching in MMSE case), a single measurement extrinsic for x,, becomes: Inmy ()

~ anz(pkay/wT]f) + aanz Ak nxn + 21nZz Ai n~721
=c' + [sp Ak, + Ak,nTk Ty — 5 78 A

k:nn

Now

I, 1 (2,) = ' +Inp,, (xn)—i—z Inm; p (2n)

ik
t 1 2
=c'+Inpy, (Tn) = s (Tn—"nk)
277 4, (48)
s 1
= Sp.m (RSLT=2)
n,k n

r T T s~ =~ r T
and . p = 7y (Sp AL, + 5E T Tn) = T+ Ty ST AR,

5.2 Input Node

We now get for the approximate posterior

1 _%(ﬁ fnrn)
ma(@n) = 7y Pen () e T (49)
with ,
1 x
Zy(r, 7)) = pr _*(T_Q”)dx
7, 282 = [pm(z)de = E(z|r,7.) =7 = 2(r, /)
72 9*1n Z, — ;0T _
T oz — Trgr =Tz
Now, with
Tn = ij\n + 7—72 STA:,na (50)
we can write
Tnk & Tp+ Ty sTAf =7Tn — Ty Sk A - (51)

12
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We get similarly for the mean Z,, j of my, g (2,):

Tp g = En(rmkﬂ'ﬁ) =Tp(rn — 70 Sk Ag oy )

R Ty (T, o) — 8T T (T, ) T Sk Apgon = Ty, — T Sk Ao,
Plugging this in, we get
Pk =Ap Ty =Ap. T — Sy Typ sk =Ap. T —Th sk

which completes the message passing. We may note that the variance derivations in the LSL of
BP are equivalent to the large random matrix analysis of the MSE of LMMSE in the equivalent
Gaussian linear model.

6 LSL BFE and EP

After the LSL simplifications [12], the BFE from (11) with marginal pdf consistency constraints
can be seen to become equivalent to the following LSL-BFE [8], [10] :

var (2 |qa
iy Dlaalpe] + Dlaelpyal 53 el

9a,9z,Tp,u Pk

s.t. E[z|gs) = Au (52)
E[z|¢z] = u
T = Svar(x|qs) .

We will exploit some useful relations
vr. <Tvar(elgs) = [ &~ ul? ) ta(e)de

5 var(zk|¢s) _ / |z — Aulf2, .(z)dz.
- P

k Pk

(53)

The Lagrangian of (52) becomes

1 var(zx|qz)
L= D[Qmew] + D qz||py|z +§ Z [ |
k

) ()|

+ AL (Au— / 24 (2 )dz) + A7 (u / xqy(x )dw) (54)

1
— 5)\2 (tp — Svar(z|qg))

The derivatives w.r.t. gz, ¢, Tp, u become

oL ;

9gn ~ 2g) — In(pa) A+ 5lle —ullisra,)

oL ;

04a = In(q,) — ln(pylz) - Afzz * §||Z - AUH‘QFP

OL o vl | Ly, N
6Tpk T TP

oL T ’

So = ~ATD (@ Au)+ ATAL + A,

—DsT)\T(QZ — u),

13
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where Z = E(z|q,) and Z = E(x|q,). Zeroing derivatives:

2
Gz () X pr(x) 67%”@*“‘|1./(ST>\T) A ® (56)
—Llyz— 2 T,
12(2) X py|z(ylz) e Sllz—AulZ, AT 57
1 T
>\7— - _Zk (58)
' Tpi ﬁi
ATD A+ Dgrs | u=ATD_ 2 (59)

+Dgraz— AT, — A,

where 7., = E[(21 — Zk)?|qz]. By satisfying the two mean constraints in (52), the equation (59)
becomes
ATX,, = -, (60)

A solution can be obtained by solving the system of 7 equations containing (56), (57), (58), (60)
and the three constraint equations in (52).

7 Iterative Solution leading to GAMP

We ignore pdf normalization for simplicity. Furthermore, we use red symbols to indicate parameters
to be updated.

7.1 Update of )\,

Consider (57) and the two mean constraints in (52)

E [alpyjs(yl)e 21 i e] (61)
= E |2lpyja(ylz)e 2 1* A% eNm] — (62)
We first use (62) to obtain z. Then we use this newly obtained z to update )\l(fiew), since we

need to keep the exponential factor identical in order not to change the mean, i.e.,

_liz—Az|? T
—e s5llz w”‘rPeAuZZ_ (63)

o~ 3l12=2lI7, AT g
If we want to bridge the GAMP from [8] and BFE, we can denote
p=AZ+D(mp)A,, . (64)
With definition (64), the expression (62) can be written as
- ~3lla-pl?2
z=F |z|py,(y|z)e 2" Pl | . (65)

(new)

Therefore, the updating for A, "’ according to (63) becomes

AR — D (L) (p — 7). (66)

Hz p
It is now clear that we can relate to the LSL BP GAMP above (or [8]) if we define
s= -\, . (67)

14
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For further use, we also state the computation of 75 explicitly:

=R [(z — i)'2|py\z(y|Z)e_%”z_puzp} (68)

2112 new
= [z~ 2)*Ipy(yla)e 1= N (69)
where z2 denotes element-wise square of vector z. (68) and (69) result in the same solution.

7.2 Update of A,
According to (60), we can update A, by
A, =—ATX,, . (70)

To show the relation between this paper and [8], we define

7 =1./(STX;)

r=2z"4+D, ATs (7)
= .
Then the updated posterior mean and variance becomes
& = E [alpa(@) e~ 4121 ]
(72)

~ —L|z—r|2
7o =E @ — 2)2|p, (w) e~ 111 ]
where we also used the mean constraint for « in (52).

7.3 The update of A and 7,

The updates of these two variables are quite straightforward. They are already explicitly given by
(58) and the variance constraint in (52). To show the relation with GAMP in [8] explicitly, we can
define 75 and then get
. 1 Tzk
Ts = A; from which 7, = 87, 75, = — — 5*. (73)

2
Tp Tpk

8 Iterative Solution leading to AMBGAMP

GAMP does not use the extra variable u in (52) (hence uses u = &) and as result is an algorithm
that does not correspond to alternating optimization of a BFE, with the resulting convergence
issues. For AMBGAMP, we keep variable u, and use (56)-(60) along with the three constraints in
(52) as a system of 8 equations to be solved.

8.1 Update of A,

Consider (57) and the mean constraint in (52)

E [2lpya(yla)e 1 m X (74)
= E [glpyja(ylm)e 1A eNe | = (75)

To make the connection with AMBGAMP in [8], we define

p=Au+T1p.A,, (76)
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Similar to the previous section, we have the update

AR = (p—2)./7p . (77)

Mz

Substitute (76) into (77), and we have

ALY = X, + (Au—12)./7p . (78)
If we define s =X, (79)
it then follows sV — s 4 (72 — Au)./1p . (80)

For the convenience of the further discussion, we write the update for the posterior mean and
variance of z

7 = E [2lpya(ylm)e 31 71%] (s1)
75 =B [(2-2)2pya(yla)e” ] (52)
8.2 Update of A,
We can use (60) and (79) to obtain the update
A/‘«m = _ATAMZ = ATS (83)

If we define (and note that A, = 75)
Te=1/(8TA) r=ut A, =ut 7 (ATS)A,,, (84)

we have the explicit update for  and 75:

Z=E {$|pw(a})e—%“m—r\lir}
R ; ) (85)
75 = E [(@ = 2)2pa(@)ed1= 5]
8.3 Update of u
By combining (59) and (60), we get the solution
—1
u= [ATD;lA + D;l] (ATDI'z + DZ'%). (36)
D T D T

AMBGAMP actually updates u by applying SGD with stepsize by linesearch to the quadratic cost
function that (86) is the solution of. The update of A; and 7, are identical to the updates in
GAMP in (73).

9 Bilinear System Model

In the bilinear Cell Free systems, we consider a semi-blind signal model containing L. APs. At the

Lth AP, Y, Y|=H[X, X]+[V,, V. (87)
The received signals are composed of pilot part Y,; € CN*F and data part Y, € CN*T. The
channels between different users are considered independent Gaussian i.e. vec(H;) ~ CA (0, E))
where B; € CNEXNE g 5 block diagonal matrix of K blocks Ep,, € CV*N. The transmitted
symbols can be decomposed as pilot symbols X, € SE*¥ and data symbols X € SEXT | where S
is the constellation set. We assume that the elements xx; in X follow the categorical distribution

p(r1t). The signal power is denoted as o2. The noise is considered as i.i.d. Gaussian distribution,
and thus, vec([V,,  Vi]) ~ CN(0,021).
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Wkt

Figure 3: Partial factor graph
9.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by right mul-
tiplying it with @, , which is the conjugated g-th pilot sequence. This results in an equivalent

observation yp 4 .
Ypig = Ypuxp, = Y Polhy+ vy (88)
keG,
where vy, = Vs o ~ N(vp4]0, Po2o?l), Gy denote the set of users using the g-th pilot
sequence. We observe that every hy, occurs only in one group Gy, and the cross-correlation
E[vp’lgvglg,] is an all-zero matrix for all g # ¢’. Therefore, the observations yy;, and yp, 4 are
independent. With orthogonal pilots, the factorization scheme is derived as

p({yp,lg}a {Yl}7 {Hl}v X, {Vl}) (89)
= Hp(mkt) H H p(yue, [Hi, zt,) Hp(yp,l.q»ng)
k.t I t1=1 g

where Hy, is a matrix collecting all k € G, hy;, as its column vectors, and x.;, denotes the t;-th
column of X. We will base our EP (BP) algorithm based on this factorization scheme.

9.2 Expectation Propagation on Semi-Blind structure
For simplicity, we denote the factors in the factorization scheme (89) as
Wy = p(ﬂfkt); Uo 1= P(ylt‘Hh x:t)% ‘I’B,Ig: p(yp,lg7 ng)-

The factor graph for (89) is illustrated in Fig. 3.

10 Bilinear Message Passing Derivations

This paper uses EP to estimate channel coefficients h;; and BP to estimate the data symbols ;.
Furthermore, we specify the projection family of EP in this paper to be Gaussian distributions with
diagonal covariance matrices. Now, we will examine each factor and derive its outbound message.

The message from V¥ ;; to zx: can be computed directly since no projection is needed, i.e.,

MWy eizie (mkt) = p(xkt)~

17
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10.1 Message from ¥y to

Following EP rules, the extrinsic at node ¥y ;; is updated by

Py 1 (@rt) < D(xe) [ | 1wy s (02)

1/ £1
,uhlk;\lfz,u (h’lk) X :LL‘I’s,lg'-,hlk (h‘lk) H :u“l’z,u/%hlk (h’lk)v (90)
%t
where the extrinsic of hyj; can be computed as a Gaussian pip,,; v, (hix) = CN (hug |mhzk;\lfz,w Chiswa,)
with
-1
Chzk;‘l’z,lt = ‘1’3 1g;hik + Z ‘1’2 1 3hue
£t

_ —1
Mp 0, = Chlk?‘Pz,Lt (C\Paylg;hlkm‘l’&lg;hlk

: :C‘IJZ s show \IIQ,lt/;hlk
t'#t

According to the EP rule, the message from Wy j; to z; is

proj [b‘I’2,1t;Zkt (xkt)]

4 ; Trt) X 5 91
HTs gy ﬂﬁkt( t) [Ligy Vs 10 (wkt) ( )
where the belief (approximated posterior) at Wy j; is defined as by, ,, .z, (Tx:) With
b‘l’2,lt§$kt (‘Tkt)O(Mmkt;‘l’z,Lt(xkt)Z/p(ylt|xkthlk + Z xithli)
Trt i#k
“ MRy g (h’lk) H Hhyi595 0, (hli)/’[’wiﬁq’Q,lt (mit)dHl' (92)

i#k

We use the notation x, to denote all the elements in z.; except the k-th element. The integral
(and summation) in (92) can be considered as a marginalization operation. Furthermore, we can
view the extrinsic messages as hypothetical priors. Due to CLT, we approximate ), “k ziehy; to a
Gaussian where @i ~ pig,, v, 5, (Tit), Rii ~ fihy;v,,, (Ris) [18]. Therefore, (92) becomes

b\Pz,u;Em (xkt) X :u'fbkt‘-,‘l’wt(xkt) (93)

'//P(ylt|$kthlk + Bkt ) Mz, (Bikt ) AZikt - fohyy 0o 5, (Rak) R,

where (g, (Zlkt) = CN(Zlktlmzzkw Czlkt) with

mz,, = E :mwit;‘l’zltmhzi;‘l’&u (94)
itk
C = r C + m m!!
Zikt Tit;Wo 10 Phyi; W gt E2TE PRTE TH PRTE L) P P

i2k

where My, v, 05 Tai;0,,, and 74,0, are the mean, variance and second-order moment of the
normalized message fiz,,;v,,. By applying the Gaussian reproduction lemma [18] and the fact
that Gaussian distribution integrates to one, the belief (93) becomes

b‘IIQ,zt;J?kt (mkt) X CN(O|ylt_mzlkt_wktmhlk§‘p2,lt’

) (95)
CU+CZth+|xkt| Chzk;‘llz,lt) “Hap Vs g (@)

Therefore, by BP rules, the outbound message is

18
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HTs 5w (xkt) X CN(0|ylt_mzlm_mktmhm;‘l’z,zm

2 (96)
Cv+czlkt+‘mkt| Chlk;‘IIZ,lt)
10.2 Message from ¥y to hy,
Based on EP rules, the message to h; is
proj[b% 1tk (hlk)]
hyy (Ryg) o< = , 97
M\I’2,lt7hlk( lk) Nhlk;\ng,“(hlk) ( )
where the belief is defined as
bqu,lt;’llk(hlk) X Z/p(ylt‘ Zwithli>
it ‘ (98)

' H 120 SR (hli)/‘Lmiﬁ\IjQ,lt, (mit)dhlE

We use h;; to denote all the column vectors in H; except the k-th column. By using the same
approach from (92) to (95), and separating the terms that contains only xx; [18] [19], the belief
(98) becomes

b\I/2,Zt;h1,k, (hlk)

- Eb%’“;m’“ {CN T |mﬁlk ET" (Te), szlk £ (xre)]} (99)
where mfzzklmm(') and Cﬁzklxm(.) are defined as
Chouton, (@) = [27(Co + Cryy ) T+ Cl oy, 17
mﬁlkmﬁ(x) =G5l (z) [Cglt;,l,z‘“mhlk;%,” (100)
+a|*(Co + sz)_lylt—;nzm} 7
where C, = 021 The mean my, and covariance Cz, of the belief distribution (99) are
WMhz, = Bty pione [mﬁlkwkt (7re)]
Cha, = Evu, ey, [Chipp o, (202 (101)

- A H _ e, m
tmg (xk‘t)mhzklxm (7ht) 7] Mgz My, .
We project the belief at Wy j; to a Gaussian with diagonal covariance matrix proj[bw, ,,:n,, (b)) =
CN(hik|mg, ,Cs, ), where Cy, is a digonal matrix with the same diagonal elements as C;ALQ .
Ik Lk Ik Ik
Finally, the message from W5 ;; to hy is

Hwrg 15k, (hlk) = CN(hlk|m‘1/2,u;hm ) C‘I’Z,lt§hlk)
CN (b |mg, , Cg ) (102)
CN(hlklmhle‘PZ‘l,t7Chlk§\Ij2,lt) .

X

10.3 Message form V3, to hy
We assume k € G4. The extrinsic at W3 ;4 is updated by

1209793 (h’lk) X HM\I’Q,u;hzk (h‘lk)' (103)
i

We denote this extrinsic message as fin,; ;v,,, (hix) = CN (b |mp,, v, ., Chyyw,,, ) With
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-1
C = Cy!
hlk;‘l’&lg - \IIQ,lt;th;
t

— —1
Mp,; 05, = Chzk;‘l’s,lg (E :C\IIQTH;hlkm‘IIZ,lt;hlk> :

t

The belief of h;, at the W3, is

b\PS‘lg (hlg) X p(yp-,l.lb hlg) H p(hlk)ﬂhzk;‘l’s,m (hlk)' (104)
keG,

All the factors appearing in (104) are Gaussian pdfs with diagonal covariance matrices. Therefore,
the projection of by, ,, (hix) results to itself. For simplicity, we define a hypothetical prior g, |v,
for hy in (104) as

Qhr Y q (i) = N(himp, vy, Chyy,)

(105)
X p(hlk):uhm;‘l’e,,lg (hlk)7
where
Chiiva = En, +Chrwy )"
16| Ya h hik;P3g (106)
MpYe = Chlk|YdCl_L,1k:,\I!3nghlk;‘1’3,Lg
The message from factor node V3, to hy, can be derived as
by g(hl Ydh,+
H¥s 195k (hlk) S8 f - gh E
thk;‘P3,Lg( lk) (107)

fp(yp,lgv h'lg) erGg thkIYd(hlk)dhlE
Qho Yo (k)

oc p(hu)

The fraction operation in the second line of (107) can be interpreted as component-wise conditionally-
unbiased LMMSE estimation [20]. Therefore, the message from 3 ;4 to hyy is

Hwg g5k (hlk) = CN(hlk|m\I’3,zg§hlw qu3,lg§hlk)7 (108)
where o
1 or
—_— v
C‘I’&lg;h”f = |=h, T (IQPI + Z Chzk’|Yd
” k'eGg/{k}
—1
0.2
— v p—
My, ghye = =h 2 I+ Z Chlk/\Yd + Zhn,,
“ k'eGg/{k}
1
Uzpyp,lg - Z mp, v, |- (109)
xT
k'eGgq/{k}

11 Asymptotic Behaviors in Bilinear Large Systems

For scalable systems, L — oo while K = 1L, P = coL, T = c3L, where ¢, ca, c3 are some positive
constants, we assume the channel coefficients VI, n, k, E[| ;2] = O(+) data constellation symbols
Vs € S,s = O(1),1/s = O(1). Furthermore, we assume the noise power scales as 02 = O(1),
0,2 = O(1). For simplicity, we define big-O-notations with matrix parameters to represent the
element-wise asymptotic behavior, i.e., for matrices A, B of the same size, we have A = O(B) <
Vi, j, [Ali; = O([B]y).-
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Assumption 11.1. We assume that E(mp,,.v,,) = 0, E[m,,,.v,, Mp,,;v,,,] = 0, and Vi #
j7E([mhm;‘l’z,ztmgk;\llz”]ij) =0.

Property 11.2. For invertible matrices A,B, we have (A~ + B7})~! = A(A +B)"'B =
B(A+B)'A.

Lemma 11.3. With proper initialization and Assumption 11.1, in each iteration, the updates sat-

isfy my iy = O(1), Cyy, = OM+O(EE) g (2) = O(Z), Gy, () = O(2)+ O,

My, hy, = O(\%LL C‘I’z,zt;hzk = 0(1)7 My, hy = O(ﬁ)’ C‘I’a,zg;hzk = O(%)7 Mp vy, =
O(\%), Chupws,, = O(L). Furthermore, C;;mhlk = O(I).

hik |kt

Proof. We prove this lemma by mathematical induction. Due to a proper initialization, we can as-
sume the messages mp,, . v, ,,; Chyvs ., MUy 4k Cuy by MWy ks Cuy ik, are initialized
with the above-mentioned scales.

Then, we assume the lemma holds for the previous iterations and investigate the updates in
the next iteration.

We first look at the update of m, jx¢, Cg,,,, which are updated according to (94). Similar
to [21], we assume that Vi,mg,,.v,, are weakly independent of mp,,.y,,. Since the elements
in the constellation set scale with O(1), we know mg,, v,, = O(1). According to induction

assumptions, the extrinsic mean my,;.v,,, = O(%) Due to Assumption 11.1, we use the results

from [21, Lemma 1] to obtain my,,, = 37, ) Ma 0, ,,Mh,;50, , = O(1) and the covariance matrix

C.,., =01+ O(%) For simplicity, we denote the diagonal terms of C,,,, in (94) as D

Zige
ST C and denote By,,, = > .. T m mH =0+ O(g)

i#k T ®its Vo1 Y hiisWa e Zikt itk Twie; Vo e e Vo 1 M o0y 1 = N
Thus, with these notations, Cg,,, = Dy,,, + Bz,,-

Now we investigate the update of mg, (z), Chrtlone (x) in (100). By matrix inversion lemma,

C/’ilklﬂfkt (JS) = Chzk;\l’z,zt

_H xrH a1t
_Chlk;‘l’z,u Qlkt2 Wlkt(Alkt+I) Wlthlkf Chlk;‘l’z,zu

where we define the positive semi-definite diagonal matrix Qxt = Ch, v, ,, + ﬁ(cv +D,,,) =

1 H . . 1 _H
O(I) and Q},Q;3.; = Qukt- By eigendecomposition, we define ﬁQlkf B....Qui = Wi A W,
I 1 H .

I = W;:W/,. Therefore, Chilan, (£) = O(7) + O(1%-). We find the update of my, o, in

(100) is dominated by the first term Cfnk\xm (I)C;llk;\pz,”mhzk;‘l’z,u' By neglecting higher order

infinitesimal terms, we have

(110)

1
~ ~ C~ -1 — 2
mhlklxkt - Chlk\fﬂkt (x)chlk§q/2,ltmhlk;‘l}2v"t - [I + Chm;‘l’z.zt

H 1 H
P -1 2 -1 7% -1
(Crisws, Cin ikt Chigva, it D7 Chit vy 1, Com it MR w10

1
N
To study the messages muy, ,,:n;., Cw, ik, We first investigate the approximated (projected)
belief of hy, at ¥q ;. From the previous discussion, C;Allzk ~ Eb%,mwm [Cﬁm\rm (2xt)], and thus,

= Mpvy, = O(

C%’lzk = Chzk;‘I/2,1t - Chzk;‘l’2,lt - F- Chzk;‘I’2,1t’ (111)

-1
where F' = Y7 s bw, a0, () [ﬁlem + Qlkt] . Thanks to the projection in EP, we are only
interested in the diagonal elements of C/ﬁ? . With the approximation Mg o, =~ My, the

lk
n-th diagonal term reads

[Clglzk}nn = [Cﬁfk]nn = Thine;Pae — Ti%,nk;\liz,” [Flnn

= [([F]r_mi - Thlnk;‘IIQ,lt)_l + Thilik;\llg,“]_l (112)
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From the same analysis in (110), we know Q. is asymptotic upper and lower bounded. Since B,,,,
is positive semi-definite, we have [F|,, = O(1) and [F];} = O(1). Substitute (112) into (102),

and we obtain [Cuy, ,,;ny;Jnn ~ [F] L Thinii¥are- LUs, Cyy pihy, = O(I) and C;;mhlk = O(I).

nn
Since mg, |~ My, ), it IS straightforward to see my, ,;h,, = O(%)

The message covariance matrices Cy, , .n,, and Cp,,.v,, are both diagonal matrices. Due
to the scalable-system assumption 7' = O(L) and the elements in Cuy, ,,.p,, being asymptotically
upper and lower bounded, one can show Cy, , ., = O(%) is upper bounded, and my, , .p,, =

O(\%) according to (106)-(109). We can then show Ch,,p,,, = O(1) and mp,, 9, , = O(ﬁ

according to (90). O
12 Simplication of the Messages in Bilinear EP
We define beliefs at the variable nodes as
bmkt (xkt) X p(xkt) H HTs 1ysmpe (xkt)
: (113)

by, (hlk) X HWg g5k (hlk) H By 5k, (h’lk)'
t
Compared to the extrinsic messages in (90), the beliefs in (113) only differ by one factor. Since
Loopy BP is used for estimating xj;, it has been shown in [17] that we can assume by,, (Tgt) ~
;U'fbm;‘l’wt(xkt)'

This work estimates the channel coefficients h;;, using EP. Therefore, a separate analysis from
[17] is needed. We investigate the mean and covariance matrix difference between by,, (hi;) and
Phy 0, ,, based on the Lemma 2.

Substitute (90) into (113), and we obtain the belief at hy as

bhl,k (hlk) X Hhyy; g 0, (hlk)/jf‘lh,u;hlk (hlk) (114)

Denote my; ~and Cj, ~as the mean and covariance matrix of bp,, (hyi). From Lemma 2, we have

hik

(2 —1
Chlk?‘ljllti Cﬁl,f Chlk;\Pg,Lg(Chlk;\P2,ld>c\1/2,lt?hlk)

_ —1
Mpyy; 00, — My = Chlk;‘l’z,zt (Chlk;‘l’wt + C‘I’z,u;hlk)

: (mhlk;‘l’z,zt - m‘1’2,zt;hlk)' (115)

It has been shown in the proof of Lemma 2 that the difference mp,, v, ,, —muy, ,,;n,, is a higher order
infinitesimal relative to mp,, ;y, ,,. Thus, the quotients (Chlk?‘l’z,lfcﬁlk)CI:zlk;\Ifz,zt and (mp,, v, ,, —
mg )./mp, v, ,, tend to zero as the system grows larger. Therefore, the difference in (115) are
higher order infinitesimals relative to Cp,,;v,,, and mp,, .y, ,,, respectively. Therefore, we have
bhy (Rik) =~ Pk, w,,, (hix). Based on the above discussion, we propose to replace the extrinsic (90)

at Wy by (116) and (117) to reduce complexity further,
Fhsws, (Pa) = oy (Pug); (116)
Mf’rkt;‘b,u («Tkt) = by, (xkt) (117)

13 Decentralized Method for Bilinear EP

To obtain the belief of zy;, we need to combine the message from all the AP. We consider the
case where all the L AP are connected, and the AP network has a tree structure. A decentralized
message-passing method can be used based on the consensus propagation framework [22]. Define
the normalized message from AP [ to AP I’

Vi (@re) O oy e (o) [ (@),
VeN@)/{1}
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Algorithm 1: One Iteration of Decentralized EP

Require: Ep,,, Ypig » Yit, D(Tkt), 02, 02, Gy
1: Initialize H¥g 1g5hins Hs 1esapey BUg 1eshygs ViU (xkt)
2: At all the APs, Vk, ¢, update b,,, according to (118)
3: for 1I=1:L do
4: Vk, update pip,,;w,,, based on (103)
Vk,t, update iy, .y, ,, based on (113) and (117)
Vk,t, update 11, g, , based on (116)
Vk, update pg, ,,:n,, based on (108)-(109)
Vk,t, update fiy, .z, based on (94)-(96)
Vk,t, update piy, ,,;n,, based on (100)-(102)
10: VI’ € N(1), k,t, update v,y (zx+) based on (119)
11: end for

Tkt

where N (1) denotes the set of connected neighbors of AP [. At convergence, the belief in (113) can
be obtained by any AP [ as

U () O D(@kt) 10wy s (o) [ vt (ne)- (118)
VeEN(D)

Therefore, for a decentralized algorithm, we can replace the update of belief b,,, in (113) by b,
in (118). After updating the message fiy, ,,:z\,,» We update the shared message by

Za TS C R | I AN G (119)

VeN@)/{l'}

where we use new and old to distinguish the message of different iterations. One possible ordering
method is suggested in Algorithm 1.

14 Bilinear EP Simulation Results

Our study simulates an environment within a 400 x 400 square meter area, equipped with 16 APs
and 8 User Terminals (UTs). Each AP features N = 2 antennas and is positioned at coordinates
(%i, % 7), 4,5 €{0,1,2,3}. The UTs are uniformly distributed throughout the area. We denote
the distance between each UT k and AP [ as dj;. Channel covariances for each user k£ at AP [
are modeled using N x N diagonal matrices, represented as J%le]:’ where 10log; (O’%le) = -30 —
36.710g10(dlk).

All the neighboring APs within % meters are connected and can exchange information of
the estimated data symbols. Furthermore, as illustrated in Algorithm 1, a synchronized message-
exchanging scheme is used.

The length of the orthogonal pilot sequences is set to P = 6 to introduce pilot contamination.

We employ a 4QAM constellation of length 7' = 10 for signal transmission and assume a noise
power of —96 dBm. The signal-to-noise ratio (SNR) is adjusted by varying the transmitted power.
We base our results on 100 different realizations, which are illustrated in Figure 4. The normalized

mean squared error (NMSE) of the channel estimates is defined as NMSE = %, where H

are synthesized from the mean of bp,, (h;x) defined in (113) and the operation | - |?
|H|? = HIH.

In the VL-EP scenario, we generate data symbols drawn from i.i.d. Gaussian distribution
and apply the VL-EP algorithm [23] for channel estimation. In the Genie-Aided scenario, we
implement the proposed algorithm as if the data symbols are known. In the MMSE Genie-Aided
scenario, all the APs estimate the channel coefficients using the MMSE estimator with known
channel coefficients.

is defined as
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T T T T
—+— Decentralized Proposed Method
—#— Decentralized Proposed Method w. Genie-Aided Data
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R
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Figure 4: NMSE vs SNR

15 Concluding Remarks

In this paper, we studied the BFE of GLMs using a joint factorization scheme. This factorization
allows us to extract approximate priors and likelihood. By looking at the stationary point in LSL
we replace the non-separable constraints with separable ones. This leads to the LSL BFE. This
paper also interprets extrinsics for both input and output nodes as CWCU LMMSE estimation
operations.

We rederived the reGVAMP algorithm from the point of view of alternating minimization of
a LSL version of a desirable KLD. The asymptotics here involve only the CLT for extrinsics.
We then derive the GAMP algorithm by directly introducing LSL simplifications in the LBP
algorithm. This leads us to relate extrinsic messages to posterior pdfs by first order Taylor series
expansion based perturbations. We also apply LSL approximations to the variances of the various
Gaussians involved, which in fact leads to a rederivation of a fundamental LSA theorem describing
the deterministic limit of LMMSE posterior variances.

We have also shown that it is possible to derive the convergent AMBGAMP algorithm by
analyzing the KKT conditions for optimizing the LSL BFE. And this while avoiding the quadratic
augmentation terms of the Method of Moments, which require a very particular choice in their
weights, and circumventing the ADMM-style update of a Lagrange multiplier. This is thanks to the
introduction of the auxiliary variable u in the mean consistency constraints. On the other hand,
another solution to the LSL BFE, which eliminates u via u = Z, leads to GAMP and corresponds
to the original LSL. BP based derivation, optimizing BFE with LSL approximations. Hence we
have reconciled these seemingly different approaches.

The variance predictions in (AMB)GAMP are based on a sign i.i.d. model for A, which leads to
decorrelation and Gaussianity after multiplication of a vector with A or AT, similar to spreading
and despreading in CDMA. Another somewhat popular model for A is the Right Rotationally
Invariant class, in which (only) the right singular vectors of A are modeled as random, and in
particular as Haar distributed. This is the motivation for Vector AMP (VAMP) [24]. To keep
complexity low however, VAMP has to restrict diagonal covariances to multiples of identity, which
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e.g. is not useful for Sparse Bayesian Learning [25]. GAMP-style low complexity algorithms can
be derived also, but they require some correction terms in the variance predictions, stemming from
the Haar distribution [26], [27].

To investigate the bilinear asymptotics, this paper also introduces a simplified, decentralized
EP-based algorithm for bilinear joint estimation. To simplify the factorization scheme, we leverage
orthogonal pilots and the CLT. Through asymptotic analysis, we further refine the message update
scheme within the algorithm. Although originally developed for an acyclic network of APs, our
simulation results confirm the algorithm’s effectiveness even when the APs are interconnected in
a cyclic network.
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