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Abstract

Generalized Approximate Message Passing (GAMP) allows for Bayesian inference in linear
models with non-identically independently distributed (n.i.i.d.) priors and n.i.i.d. measure-
ments of the linear mixture outputs. It represents an efficient technique for approximate
inference, which becomes accurate when both rows and columns of the measurement matrix
can be treated as sets of independent vectors and both dimensions become large. It has been
shown that the fixed points of GAMP correspond to the extrema of a large system limit of the
Bethe Free Energy (LSL-BFE), which represents a meaningful approximation optimization
criterion regardless of whether the measurement matrix exhibits the independence properties.
However, the convergence of (G)AMP can be problematic for certain measurement matrices. In
this paper, we revisit the GAMP algorithm by applying a simplified version of the Alternating
Direction Method of Multipliers (ADMM) to minimizing the LSL-BFE. We show convergence
of the mean and variance subsystems in AMBGAMP and in the Gaussian case, convergence
of mean and LSL variance to the Minimum Mean Squared Error (MMSE) quantities.
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1 Introduction

Sparse signal recovery is a fundamental problem in signal processing with a wide range of appli-
cations. Many of these problems can be framed as the task of estimating a latent vector « based
on a correlated observation vector y [1]. In the Bayesian framework, the complexity of Canonical
Methods such as MMSE and MAP experiences exponential growth as the dimension of the problem
Srows.

By exploiting the structure of the models, graphical model based methods prove to be effective.
Belief Propagation (BP) transforms the global inference problem into a local inference problem
as outlined by [2]. Loopy Belief Propagation (LBP) extends BP by directly employing BP on a
factorization scheme for p(x|y) that may involve loops [3]. In comparison to BP, LBP can be
considered as an approximation method.

A limitation of (L)BP is that the (iterative) updating scheme leads to pdfs that correspond
to the product of a large number of messages, leading to high complexity. To address this issue,
Expectation Propagation (EP) was introduced [4]. EP has been shown to share a similar updating
scheme as (L)BP, but for computational efficiency, the messages in (L)BP are projected into a
suitable member of the family of exponential distributions [4].

1.1 Prior Work

In both [1] and [5], the authors unify EP and BP within the framework of minimizing variational
free energy. They demonstrate the close relationship between the fixed points of various message-
passing algorithms and the stationary points of Bethe Free Energy (BFE).

EP can serve as an inference method in the linear Gaussian model. However, the computational
cost in terms of the message count is quadratic in the data size. Approximate Message Passing
(AMP) [6] builds upon EP, but through the application of large system approximations (LSA),
it effectively reduces the number of messages to the order of the data size, providing a more
computationally efficient approach.

In [7], the authors investigated the fixed points of the Generalized AMP (GAMP) algorithm
for generalized linear models (GLMs). They discovered that GAMP shares the same fixed point
as the stationary points of the Large System Limit Bethe Free Energy (LSL BFE).

The Component-Wise Conditionally Unbiased (CWCU) Minimum Mean Squared Error (MMSE)
estimator is introduced in [8] and rederived in [9] for both joint Gaussian models and linear mod-
els. This concept was also used in [10], where the authors call it individual bias compensation.
The connection between CWCU MMSE estimation and extrinsic information is explored in [11]
specifically for linear Gaussian models.

1.2 Main Contributions

Building upon the works of [1] and [12], we present the approximate BFE corresponding to a joint
factorization scheme.

We observe that the reGVAMP algorithm, introduced by [12], can be understood as an iterative
approach aimed at identifying the stationary points of the proposed BFE. Consequently, this work
offers insights into the fixed points of reGVAMP.

The reVAMP method proposed by [11] operates under the assumption of linear Gaussian mea-
surements. In situations where the Gaussian noise is uncorrelated, reVAMP can be considered as
a specific instance of reGVAMP.

We also present an alternative derivation of the LSL BFE. Through the application of large
system approximations to the stationary points, we substitute certain moment constraints with
their equivalent in the large system context. Moreover, the new variance constraints suggest
separable approximated posteriors.

We elaborate on the CWCU MMSE discussion, extending it to GLM based on the Gauss-
Markov Theorem. This reveals that the extrinsic for both input and output nodes can be inter-
preted as CWCU MMSE estimation.
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Based on our findings: e We propose a convergent version of GAMP, AMBGAMP, which
applies alternating minimization to an augmented Lagrangian of a large system limit of the Bethe
free Energy (BFE). AMBGAMP can be interpreted as applying a simplified ADMM to the BFE,
with a constrained Lagrange multiplier parameterization for the mean constraint, and a quadratic
optimization subproblem being solved by a gradient update with line search. The ADMM is
complemented with a fixed point iteration for the variance constraint.

e We show that AMBGAMP converges to the LMMSE estimate in the Gaussian case.

e We provide a convergence analysis of the variance subsystem.

e We show that in the Gaussian case the variances converge to the optimal MSE values in the
large system limit.

e We provide a convergence analysis of the mean subsystem.

2 Bethe Free Energy of Generalized Linear Model

In this section, we first give a short introduction to BFE.

2.1 Bethe Free Energy

Consider a factorization scheme corresponding to a tree-structured factor graph,

p(z,y) o Hfaca(wa)v (1)

where @, is a subvector of ®. The tree structure allows an alternative equivalent form [2]

_ _apr(@a)
p($|y) - Hi p(xi)Mi_l’ (2)

where M; is the number of subvectors @, that contain z;. In (2), the p(z,) and p(x;) are the exact
factor (subvector) marginals and variable marginals.

The concept of variational free energy suggests that to infer the marginals from a tree structured
p(x,y) given in (1), we can use as trial distribution

_ Ha Ia, (Ta)
Gz (T) = Hz o, () Mi—1 : (3)

The true marginals can be obtained by [1]

min FZD[Q(m)Hwaa(ma)]v

9z (ma)#]zi (11)

(4)
s.t. ViV, g, (x;) = /qwa (zq)des,

where we define the shorthand notation (for arbitrary nonnegative functions ¢, p) D(qllp) =

Jq(z)In %dx and x; denotes all x except x;. The free energy can be expanded as

F =% Dlga. (@)l fa. (a)] + Z(Mi — DH|ge, ()], ()

where H(.) denotes entropy in nats. Note that this representation only holds for a tree structured
distribution. For general graphs that contain loops, (2) no longer holds. Thus, in cases with loops,
(5) is only an approximation of the variational free energy. The expression (5) is instead called
Bethe free energy.
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2.2 BFE of GLM
We consider a GLM with

p()=ITY, p(a:), 2= Az, p(ylz) = [T}L, p(y;]2)), (6)

where the ratio N/M is a constant for large system considerations. We interpret the linear mixing
as a conditional probability
plalz) = 3(z — Aw). (7)

From this general linear model, a joint (loopy) factorization scheme comes up naturally:
p(z,zly) o< p(@,y,2) = p(y|z)é(z — Az)p(z). (8)

According to the definition of BFE (5), the associated BFE based on the joint factorization
scheme (8) is calculated [1] as

F = Dlgay (@) [|p(@)]+ Dlgz)y (2)llp(y]2)]+ D Hl4z,y(2:)]
1’ (9)
+ D[bm,zly(wv Z)H(S(Z - A:B)] + Z H[qzj|y<zj)}7

J

where g|y, Galys bz zlys Gu;ly a0d G., |y are only approximations of the true posteriors because of
the loops in (8). Since these approximated posteriors are only locally consistent as is suggested by
the constraints in (4), they may not correspond to any distribution [2]. As a result, the Bayesian
rule can not be used to link by 5, With gz, and gy,

To use (9) as an optimization criterion, we must consider the local consistency between joint
and variable marginals as constraints. To make the problem tractable, we use relaxed constraints
which contain only the first and second-order moments. To make the discussion concise, define

sufficient statistics
T Z;
bue) = [13] 020 = [ 4], (10)

J
Reformulate the BFE and the constraints into a Lagrangian function

L=F+L., (11)

where L. is the Lagrange multiplier term

chzi}i( / B (1) (1) di— / . (mi)qwly(@dw)
+ zj:x\fj ( / b, (), (23) 25— / ¢-, (zj)qzy(z)dz>
+ZVT( /% () (5 ) s — / B, (20D, aly (7, z)dwdz)
+ZVT( S o) 2y, )t

We neglect the normalization constraints to keep the discussion concise. However, one can
verify that the Lagrangian multipliers associated with the normalization constraints only act as
scaling factors for b.(-). Therefore, in the following context, we assume that b.(-) are normalized
to one.

Since we need to minimize the BFE given by (9), the distribution function by 5, (2, z) must be
of the form

bm,zIy(mr Z) = bm\y(m)g(z - AGC), (13)
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to avoid infinite value of D[bg 4y (x,2)||0(z — Ax)], where by, is the function to be optimized.
Substitute (13) into (11) and set the partial derivative of Lagrangian (11) with respect to gg|y,
Qzlys balys Qoily and g,y to zero, we obtain the KKT conditions. Recall the definition of ¢,, and
¢, in (10). We obtain the Gaussian form by replacing Lagrangian multipliers,

Qaly () < p(z)N (z/my, Dr, ) (14)

Qzy(2) x p(z)N (zlmp, D) (15)

baly < N(x|mg, D2 )N (Az|m,, D,2) (16)
quny(%) o N(z|my, D7, )N (x[mz, Dy ) (17)

1 4,14 (25) < N(zlmp, D, )N (z]m,, D,yz2), (18)
J

where Dy, Dr, Dy2 and D2 are diagonal matrices. These diagonal matrices along with my.,
my, m, and m,, correspond to the Lagrange multipliers. Though optimizing the variable marginals
may seem like maximizing, they are fully determined by their neighboring factors because of the
constraints [5]. Their diagonal elements are denoted by 7+, Tp, 02 and o2, respectively. Since the
second order moments are linked with variance by var(x) = E[z?] — E[z]?, using first and second
order moments is equivalent to using mean and variance moments.

3 Relation to Message Passing and its Stationary Points

These Gaussian distributions can be interpreted as messages. The algorithms reVAMP [11] and
reGVAMP [12] can be interpreted as finding the set of consistent messages iteratively in a certain
order.

3.1 Approximation of Symbol Prior

We consider the consistency between (14) and (17) first. By Gaussian reproduction lemma [6], the
product of two Gaussian distributions is still Gaussian. Therefore, (17) can also be denoted as

quly(xi) = N(z|mgz, Dz), (19)
where
D;l = D;rl —+ D;217 D%lmi = D;rlm,. + D;;mw (20)

In order to make the pair (qgy,qs,|y) in (14) and (17) consistent, we consider (m,,D,,) as
known and try to derive (mg,D,2). Define the Gaussian projection

proj(p) = argmin Dy, {ZHQ} : (21)

where  is the set of uncorrelated Gaussian distributions, Z, denotes the normalization factor of
p and Dy, represents Kullback—Leibler (KL) divergence.
The moment consistency implies that

j N I'7D‘l',-

This indicates that the message NV (z|mg, Dy2) approximates p(x). This update method is the
same as updating the message from input node x; to factor node é(z — Ax) proposed in [12].
Since p(x) is separable, this update scheme contains only scalar integrals.

(22)
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3.2 Extrinsic for Output Node z

Now we need to make (bg |y, qz,|y) consistent while assuming (16) to be known.
At the stable points, byy, Gzly and []; ¢,y (2:) admit the same mean and variance (mg, 73).
However, their off-diagonal elements may differ. We denote

be|y(®) = N(x|ms, Czz), (23)
where
Czz = (D;zl + ATD;;A)_lg

mgz = C@@(ﬁ);;mm +ZJ4TD;§II’1Z>. (24)
Likewise, we denote []; ¢.,1y(z;) as
H QZjly(Zj) = N(Z|mg, DE)? (25)
where ’
D,'=D_' +D_;; D;'m; = D'm, + D_;m,. (26)
Since by )y (T, 2) = bgjy(x)0(z — Az). We calculate the marginal distribution of z as
bajy(2z) = /bw7z|y(a:, z)dx = N (z|Amgz, ACz5AT) (27)

We can see that the mean and variances given by (Amg,diag(ACzzAT)) corresponds to the
update method for updating the message from 6(z — Ax) to z stated in [12].
Now, look at the variance subsystem. The variance constraints entail

vk, 6{1405@14T61C = e;‘ng €. (28)

To have a better understanding of the extrinsic of zj, define

C =C

T

1
é - O—TA{::AIC’:’ (29)

2k

-1
zx,k

where Ay, . denotes the k-th row of matrix A. Applying the matrix inversion lemma, the LHS of
(28) becomes
O’2 Ak .C.. *AT
A CapAl, = B h 30
k,: k,: O_zk I Ak’:CAA 7A£: ( )

T,k

Substituting (26), (30) into (28) yields

o = Ak Caz 7 AL .. (31)

zx,k

Since Ay, . is independent of C_ 7, in the LSL, we get [13]

zx,k°

Ak,;C5£7EA£7: ~ tr[@kC;x@], (32)
where @ = E[A] Ay ].

If we further assume each entry of A to have deterministic absolute value but i.i.d. signs, it
follows that ®; = diag(Sk,.), where S = A.A denotes the element-wise square of A. This further
simplifies (32)

Tpy, = tr[@kcm] = Sk’:Tﬁ . (33)

A similar analysis can be done for the mean subsystem. Now we assume that the variance has
been made consistent. The consistency of the mean implies that

el Amz; = el'm;. (34)
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Denote m
= DU2 my + ATD 2y} Ny = Ng — Ugf Ag’:. (35)
By applying the matrix inversion lemma, we can rewrite the expression for the Eth element of

Amg in (27)

2

JZ
Ap,mg = 2 Goo AT To2, Ak:Caz Mz %
7 (36)
LA Cap 7 AT
A Coo Al o2, M

Substitute (31) into (36) and equate Ay .mgz with msz, given by (26) to obtain the extrinsic mean
mp, = Ap:Cggz g - (37)

We can also calculate the extrinsic mean as a function of mg.
By combining (26) and (34), we see

p,.
my <1 + O-zk> Ay, mg — émzk. (38)

The discussions above only hold at the stable point where b, has the same mean and variance
with [, ¢z,|y(zs). Therefore, we can view the relations given by (33) and (34) as alternative
constraints.

3.3 Approximation of Data Likelihood

At this point, we consider the extrinsic NV (z|my, D) to be given. To make (15) and (18) consis-
tent, we use similar methods described in (19) till (22), which gives

proj[p(y|z)N (zlmp, Dr,)]
N(z/my, Dfp)

N(zlm,,Dg:2) = (39)

This separable update method indicates that the distribution N (z|m,, Dag) stands for the approx-
imate likelihood. In [12], the update of messages from z to 6(z — Ax) employs the same method
as outlined in (39).

4 Derivation of LSL-BFE

Observe the stable point relation (33) and (34) which are alternative constraints for making the
pairs (bg,z|y, qz; |y) consistent. By using this alternative constraint, we modify the last Lagrangian

term of By, | [¢, (2))] = Es, ,, [¢-, (2))] to
Zuzj,mean<mz] Z AJZ / wly( )dﬂ:)
+ Zuzj ,var(ij —Z Sjivary,, (%))
J i

With this replacement, we see that by, () is now separable by considering the variational derivative
of (11). Furthermore, by combining (13), the consistency between separable by, and Vi, gy, |y (;)
implies that the following two terms in (9) are identical

Dlbg zjy(2,2)0(z — Az)] + Z Hlqa,y(z:)] = 0 (41)
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Now we will consider the relation between z side and (40). The constraints given by (40) are
applied to the posterior mean and extrinsic variance of node z.

We use the ansatz that g, is separable. Indeed, in (9), if we look at the derivative with
respect to gy, the term D|q,,(2)||p(y|z)] implies a separable gy,. Furthermore, the constraints
(40) also indicate a separable extrinsic for g,,. Therefore, in large system limit, we can use strict
marginal constraint for the pairs (gg)y;q.,|y), which entails g, = Hj qz,1y(zj). This leads to a
hybrid message passing algorithm [1].

Calculate the derivative of the Lagrangian function with respect to g, for the BFE along with
the posterior constraint given by (40)

mD[qz|y(z)||p(y|z)]+H [qz|y(z)]+zj: s, mean™Mz, -
= —loglp(y|z)] + ul eanz +c

Combining with the definition of 7, in (15), the extrinsic constraint in (40) suggests that g,
must be of the form

qz\y Ocp(y|Z)N(Z|mP7D‘rp)7 (43)

where D, = diag(S7z).
Recall the variation derivative rule

d / p(y)
—— [ p(y) log —=dy = log|p(x)] — loglq(x)] + 1 44
i | P tos 5y = oglp(a) — logla(e)] (4)
It indicates that we can modify the extrinsic for z additively by adding terms of the form D(qyy[|q5).
Assume
q;(z) = N (z|p., Dr,). (45)

To satisfy the implicit extrinsic variance constraint given by (40) in the Lagrangian function
explicitly, the objective function (which is LSL BFE) is equivalent to

Frsr = D[qa|y()|lp(x)] + Dlgay(2)|p(y|2)] (46)
+H ([qz1y(2)] + D(qaiyllg5)-

Furthermore, because of the introduction of auxiliary variable 7,, we also need to minimize BFE
with respect to it.

As p, is an unconstrained free variable, we optimize it directly by zeroing the derivative con-
cerning it. Expand the terms H/q,,(z)] + D(q,yllqg) in (46)

H(qz1y(2)] + D(qz1yllq5)

=+ (m5 — pp) "D (g — 1), 47)

We see the minimal is achieve at p, = m;.

5 Relation to CWCU MMSE Estimator

The algorithm proposed by [11] can be interpreted as an iterative method of finding consistent
messages in (14) - (18) in the cases where p(y|z) is modeled as AWGN channel. [11] also shows
the close relation between CWCU LMMSE estimation and the extrinsic. In the following, we will
interpret the extrinsic as CWCU LMMSE estimation based on the Gauss-Markov theorem.

Based on the discussion of the previous section, when deriving the extrinsic for z and x, we find
the system to be equivalent to a Gaussian linear model. Therefore, we can use the approximate
prior and approximate likelihood as if they are the true prior and likelihood when deriving the
extrinsics without large system approximations [9].
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Consider jointly Gaussian y and z (scalar)

(e e ) )

Then the extrinsic p(y|z) is Gaussian and based on Gaussi-Markov theorem

-2 hlp(y"f) = C+(y - my\w)TC;ﬁr(y - my|ac)7 with
my, =m, + Cy.Cl(x —my), (49)
Cyle = Cyy — Cy2Cii Cay
Interpreting (49) as a pdf in 2 (which Fisher called fiducial statistics), we can rewrite this quadratic
exponent as ~ N9
—21np(y|x) = C(y) + (.’IJ —Zcr) /CECLECU
/QS\CL = My + dCIyC;,!}(y — my) =dz + (1 — d) My
Cicrior = dC5,5,,
with (50)
&\Lzmﬁ—CzyC;;(y —my), C—iLgL:Cm—nyC;;CW
d= P P L,
CayCyyCyu
where ZTor, Czo oz, are the CWCU LMMSE estimate and error variance, and zy,, Cz, 7, are the
LMMSE (and hence MMSE since Gaussian) estimate and error variance.
Now we will investigate the vector case. Define the operation Diag(C) = diag[diag(C)], which
returns a diagonal matrix composed of the diagonal elements of C.
Interpreting the previous x as a component x; of a vector @, we can write

rT

{L:CL:mm"i‘D Cwyc:,;:,’l, (y - my) =D £L+<I — D) mg
Cscrzer = Carz, + (D -1)C5,5, (D - 1)

with

D:Dmg(Cwm)[Dmg(C@L@L)]_1, CEL@L:CwyC;; Cym

(51)

where the expression for Cz, 3, follows from Zop, = @ —Zor = T, — (D — 1) Cqy Cp ) (y — my,)
and the two terms in this difference are decorrelated by the orthogonality property of LMMSE
estimation.

Next, we'll show: D = diag(tcr./71), where 71, = diag(Cz, 5, ) and 7cr = diag(Czp 30, )-

CECLECL: CELEL + (D - I)CELEL (D - I)
=Cgx — CELQLD -D CQLQL +D CQLQLD

Calculate the diagonal elements

diag(tcr) = Diag(Cao oz, ) = Diag(Caa)
+D Diag(CaLiL)D—Diag(CgLaL)D—D Dz’ag(CaLiL) (53)
= Diag(Cgza)[Diag(Cz,z, )] 'Diag(Cgsx)—Diag(Caq),

where we use D = Diag(Cgz) [Diag(Cz,z,)] " in (51).
Now we want to show D diag(7) = diag(tcyr) :

Ddiag(r,) = DDiag(Cz, ,)
=Diag(Cgs)[Diag(Cz,z,)] " (54)
[Diag(Cgqe)—Diag(Cz, 3, )] = diag(Tcor)

The extrinsic for & without large system approximations can be interpreted as CWCU MMSE

10
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estimation from the Gaussian model

m, Am, ADG§ AT + Da.g ADa.i
e e B o

The underlying equivalent Gaussian linear model is
m, = Ax + v, (56)

where & ~ N (mg, Dy2) and ve ~ N(0,D,2).
Likewise, we can interpret the extrinsic for z as CWCU MMSE estimation from

Amg, m, D,z + AD,2 AT D,
I R (o e e o
The underlying equivalent Gaussian linear model is
Amg, =z + v, (58)

where z ~ N(my, D,2) and v, ~ N (0, AD,2 AT).

6 System Model for AMBGAMP
The data model considered in GAMP is essentially a linear mixing model represented by
z=Azx, pz(T), py|s(yl2) (59)

with (possibly non) identically independently distributed (n.i.i.d.) prior py(x) = Hf\;l Dz, (z;) and
- M . .
n.ii.d. measurements py,(y|z) = [, Py, |z, (Yr|2k). In the case of Gaussian measurement noise,

we have y = z + v with independent zero-mean n.i.i.d. Gaussian noise v with variance vector

02 =[o%, -+ ,02,]7. We shall also consider the case of a zero mean Gaussian prior for & with

2 2 2

variances denoted as o2,. We represent the vector o2 = [02,,---025]T. In Bayesian estimation,

we are interested in the posterior, which is given by

N M
SR OICHES S ANON 60
pm,z|y(m7 Z‘y) =< . Z(y)k - ]l{z:Aw}a ( )

with the negative log-likelihoods defined as f;, (z;) =—Inpg, (2:), fz, (2x) = — Inpy, |-, (yr|2x), where
the equality in case of f., (zx) is up to constants that may depend on y (and which are absorbed
in the normalization constant Z(y)). The problem in Bayesian estimation is the computation of
this constant Z(y) and of the posterior means and variances. Belief propagation is a message
passing technique that allows to compute the posterior marginals. However, due to loops in
the factor graph, loopy belief propagation may have convergence issues and is furthermore still
relatively complex. GAMP is an approximate belief propagation technique which is motivated
by asymptotic considerations in which the rows and columns of the measurement matrix A are
considered as random and independent, in which case GAMP can actually produce the correct
posterior marginals. In any case, GAMP computes a separable approximate posterior of the form

N M
Go,s(2,2) = 6o () 4o(2) = [ [ @xi(21) [ gei (20, (61)
=1 k=1

in which the dependence on y has been omitted. The GAMP algorithm [14], [15] appears in the
table for Algorithm 1. We only consider here Sum-Product GAMP (for MMSE estimation, as
opposed to Max-Sum GAMP for MAP estimation).

7 Proposed AMBGAMP

The abbreviation AMB stands for ACM-LSL-BFE, which stands for Alternating Constrained Min-
imization of the LSL of the BFE. AMBGAMP employs most of the same updates as GAMP, but

11
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Algorithm 1 GAMP

Require: y, A, S = A.A, fz(x), fz(2)
1: Initialize: t =0, @', 75, s'"1 =0

2: repeat

3: [Output node update]
4: Tt=8T1!

5: p' = A'w\t st=1.rt
6: 2t = E(z|pt, 1)

7 7! = var(z|p®, T})

8: st = (2" — p"). /Ty

9: ‘r;*(lf‘rzf /Té)/‘rf)
10: [Input node update]

11: Tl =1. /(ST‘rt)
12: r' =z 47t ATs?

13: 't = E(z|rt, 7))

14: T = var(m\rt, 0)

15: until Convergence

GAMP does not apply a strict alternating minimization (block coordinate descent) principle, par-
ticularly in the presence of constraints. Previous work [16] has demonstrated that any fixed point
of the GAMP algorithm is a critical point of the following constrained minimization of a LSL of

the BFE (see also [15] and references therein):

min Jrsr-BrE(Ge; ¢z, Tp)
G +GasTp

st. E(zlq,) = A E(z|qe) (62)
Ty = Svar(x|¢sz),

where the LSL BFE is given by
JLrE(de, ¢z, ) = D(gz||le™7=)+D(q ||€_fz

M
var(zx|q.
+HG(QZan) with HG QZan = %E |: qu k +1n(27r7'pk)
k=1

(63)

and where D(q||p)=Eq(In(%)) is the KLD and Hc(gz, 7p) is a sum of a KLD and an entropy of
Gaussians with identical means but different variances. The LSL BFE optimization problem (63)
can be reformulated with the following augmented Lagrangian

min  max L(¢x, ¢z, Tp, U, s, Ts) with
qx,qz,Tp,0 S,Ts

L = D(qzlle™=)+D(qalle™ ")+ He (g2, )
+s7(E(zlq,) — A E(zlgz)) — 57 (1 — S var(z|ga))
+5l1 E(@lge) — ul7, + 511 E(zlqz) — Aull?,

where s, T, are Lagrange multipliers, and 7. = 1./(ST 7) is just a short-hand notation for a quan-
tity that depends on 7,. We also use the notations: |[ul|2 = >, u?/7;, element-wise multiplication
as in s.7 and element-wise division as in 1./7, and 1 is a vector of ones. In [17], [18], a careful
updating schedule was considered with partial optimization steps on subsets of primal and dual
variables. However, that approach is not guaranteed to converge in general. In [19] we continued
to consider an alternating optimization approach in which the schedule is less critical and some of
the optimizations are reduced to gradient updates. The resulting algorithm can be considered an
extended and generalized version of the ADMM algorithm (extended: there are more than two pri-
mal variable groups, generalized: the quadratic augmentation term does not exactly correspond to
the linear (mean) constraint). However, there is an alternative point of view, based on [20], where
a double mean constraint was introduced leading to the ADMM-GAMP augmented Lagrangian

(64)

min  max LA(¢e, ¢z, Tp, U, q, s, Ts) with
qx,9z,Tp,1 q,8,Ts

La =D(qzlle™7=) =57 (1p— Svar(z|ga)) + D(galle =)
+Hc(¢z, 7p) +d" (E(®]g2) — u)) +s” (E(z]gz) — Au))
+3l E(@lae) - ull?, + 31 E(zlg,) — AulZ,,

(65)

12
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For ADMM, the first two terms are the cost function for ¢,, the next two terms constitute the cost
function for ¢,. The two groups of primal variables are {¢s, .} and u (and the optimization of
L 4 is decoupled between ¢z, g5). The two linear constraints together constitute a single extended
set of linear constraints with extended Lagrange multiplier [q7s”]T. The appropriately weighted
quadratic augmentation terms correspond exactly to the set of linear constraints. The optimization
in [20] is organized with the usual ADMM algorithm alternating between minimizations over the
two groups of primal variables, followed by the ADMM specific Lagrange multiplier update. The
optimization over the remaining variable 7,, 7, is then performed in an outer loop. We show
here (by the variance subsystem convergence analysis) that this organization in two levels is not
necessary. Furthermore, there is a redundancy between the linear and quadratic constraint terms
in (65). Indeed, if we impose the constrained Lagrange multiplier structure q7 = —s” A, then we
obtain the proposed L in (64). This is constrained enough since the Lagrange multiplier s will
lead to E(z|¢;) = A E(x|qz), in which case the quadratic augmentation terms are minimized by
u = E(z|q;) and disappear. However, constraining q7 = —s? A leads to a deviation from the
strict ADMM structure and requires separate convergence analysis, which we provide here.
At iteration t we propose the following updating sequence

{ut}=arg m&n L(gt gt 7'5717 u, s i (66)
{q,} = argmin,, L(gz,q. ™", T;_l, ut st=1 it (67)
{af) = ang min L}, gy, mho w7 (65)
{s'} = argmax L(qg, ;. 7, u',s, 77 (69)

{r}, Tl}=arg n:_in max L(qL, ¢t T, ul, s, 7,) (70)

The result appears in Algorithm 2.
7.1 Update of u

To update u, we use a gradient descent method with line search to optimize the step-size. From
(64), (66), we get

Ll g rt ) -
- %ch\t_l — u”'2r$’1 + %Hit_l — Aqu_g,1 + const.
where const. denotes constants w.r.t. u. The minimizing update can be obtained as
ut — utfl _ T]t gt (72)
with gradient g’ = g’(u’~!) where
g'(w) = VuL(gs Yy iy hu sl
=-AT((z'" ! - Au)./rg_l) — (27 —u)./r 7!t (73)

— g'(0) + H'u, H' = D(1./7t"") + ATD(L./7/"1) A

where D(7) denotes a diagonal matrix with diagonal elements 7. The step-size n' gets optimized

for maximum descent : e el 1t ted
aL(qm 9z Tp HW,8 ) T )_O

on' (74)
= n' = |lg"l]?/g" TH'g" .

7.2 Update of Belief at Prior
For the update of ¢, consider the relevant terms in the augmented Lagrangian (and remember
that 1./7}7 1 = ST+l 1)

13
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L(qa, qé 17_’_;—1’111‘,’ st—l, Tst—l)

= D(qa|le™/) — "' T A E(z|gz)
+yTi TS var(@lge) + 3/ E(zlge) — w2, + const.
= D(galle ) + 3 (1./7" )T E(z.|g)

"1 TA E(2]gz) — (u'./7/7"))" E(2|qz) + const.

= D(gg|le™=) + 1 1./ 1) E(z. wlqm)

—(u + 7L ATS T (E(®qe). /71 ) + const.

= D(ga|le™ =) + 5 E(||z — rt||-,—Tt|qu) + const.

where const. denotes constants w.r.t. @, and r’ = u? + 7/71.ATs!~1. The Lagrangian in (75) is
separable. We get per component

win D{gs,lg},/22,) = db, = ok, /24, 22, = [ . (o) doi

(76)
—Ing} (w:) = fo, (2:) + g [(2 — v8)* = rf?].
The partition function ngi acts as cumulant generating function:
dlnZ!
S = Blailal,) = Bl ) = 7
P ot i : )
(rt )2 TR sanaptnt) =
. T = var(z;|r;,7,..) = T, -
In the Gaussian prior case, we get a Gaussian posterior ¢!, with
1./ri=1./7" 1. /02, &' =7L.(c'. /77 Y). (78)
7.3 Update of {q,}
The relevant terms in the augmented Lagrangian are
L(qh, gz, 77 ul st 17T
= D(gslle™ ) + gvar(zlg,). /7y~
+s' "1 TE(z|q,) + 5| E(z|gz) — Au’||?,_, + const. 79)
TP 79

= D(gulle) + S BaTalqa).- /75!
—(E(2lgz))" ((Aut). /[~ —s'1) + const.
= D(que—fz) + %E(HZ - P ||3_;71 |QZ) + const.

where const. denotes constants w.r.t. z and p* = Au’ —s'"l.7/71. The Lagrangian in (79) is
again separable. We get per component

rgzikrlD(qZk\lgik/Zik) = q; =g /Zik
oo+ el — 1)~ 0 L

The partition function Zik acts again as cumulant generating function:

dln Z!
35t_1k ZE(ZHC];)— (zk|pk7 e 1) Elg
k

0? In Z!

ast—mk —Var(zk|pk, e 1) —thk (81)
5§ant

z 3

_7682_13’“ E((zk —Ezk) \qik).

14
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The case of Gaussian noise leads again to a Gaussian posterior g, with
1./7! = 1./7';_14—1./0'12), Et:TZt.(y./ag—i—pt./T;_l) . (82)

7.4 Update of {s} (ADMM style)

Although the quadratic augmentation terms in the Lagrangian do not correspond exactly to a
weighted quadratic version of the linear mean constraint, due to the introduction of the auxiliary
variable u which streamlines the derivation of the updates of ¢, and ¢,, nevertheless an ADMM
style update of the mean constraint Lagrange multiplier s is possible. Indeed, the terms in (79)
that contains s or z are

1. _ R _ 1. _
ZT((EZ - pt)./'r; h=z2T(s"! + (52 - Aut)./’r; D (83)
Taking the gradient w.r.t. z (as part of the optimization over ¢,) leads to the RHS of
st =s'"1 4 (2' — Aut)./T;f*1 . (84)

Hence, if we use this update for s, then (83) reduces to 2’ s?, as if the quadratic augmentation terms
have disappeared! This is the main characteristic of the Lagrange multiplier update in ADMM,
which corresponds to a gradient ascent with a particular choice of (diagonal) step-size.

7.5 Update of Auxiliary Variances

In [17], [18], the carefully chosen updating schedule made the quadratic augmentation terms inac-
tive when updating {7,, 7, }. Here these terms only become inactive at convergence. Nevertheless,
these terms only play an active role for the means and not for the variances. Hence, we shall ignore
them here. Thus, the terms of interest in (64) for (70) are

t t t ot
L(qquz’Tpvu 7S ;TS)

= He(ql,mp) — 377 (15 — S7L) + const. = const.+

M LM
%Z |:Zk + In(27 Tpk)] —3 I;Tsk (Tpr — Sk TL)

k=1 L7Px

(85)

where const. denotes constants w.r.t. {7, 75}. Deriving w.r.t. {7,, 75} yields the feasibility condi-

tions
OL B "

t
or 0= 7, =8k 7, (86)
oL 1 ¢
— 0= = (12, (87)
OTp, T T

which we run as a fixed-point sub-algorithm. The position of these updates in the updating schedule
is less important. Nevertheless we shall update {7,, 75} as soon as the quantities on which they
depend have been updated.
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Algorithm 2 AMBGAMP

Require: y, A, S = AA fm%a:) fz(Z

1: Initialize: t—Ou—Ow—Oz—Os—O To_l,T:g:l
2: repeat (t=1,2,...)

3 ut=u'"! —ntgt, with g*, n* from (73), (74)

4 [Input node update]

5 rf=ut + 77 (ATs T

6: zt = = E(z|r!, ‘rt 1), Gaussian pg : 1./7';:1./7':’1 + 1./0'2
7 ‘r;*var(m\r ‘rf by, Gaussian pg : T = T;.(rt./rﬁ_l)

8: t =St

9: [Output node update]

10 pt = Aut —st! -r;

11: zt :]E(z\pt,‘rzg)7 Gaussian py |, : 1./t :1./T£+1./0'3
12:  7l=var(z|p', 1)), Gaussian py|, : ' =71.(y./o3+p"./T))
13: st =st’1+(’z\t—Aut)./TI§

14: ‘rst =(1- ‘rt /Tt)./T;, Gaussian py |, : ‘rst = 1./(0'3 + ‘r;)
15: Tt =1./(8T+)

16: untll Convergence

8 Convergence to LMMSE

In the case of Gaussian pg, py|, the cost function is quadratic in @ etc., and we check convergence
to the LMMSE estimate. At convergence we have

t=gt"1 = 2=Au

= u=2 from g(u) =0=g(0) + Hu

EZTZ°(U'/03+(AE)'/TP —s) N N

= s=y./0}+(ARB)./7,~(AR)./7. = (y—AZ)./0] (88)
z = (7, / w)e(u+ 7. (ATs))

= (1- /Tr)a: =T1..2./02 = 73B (ATs)) or

x=[AT 02)A+D }(o2)]  ATD ! (02)y.

Note that at convergence & does not depend on the various variance estimates that the algorithm
produces. One can also get the following convergence values

s = R;;y,
Z=D(c?) AT, (89)
r=D(o?+17,.)ATs

where r corresponds to the componentwise conditionally unbiased MMSE estimate of x [21], [22]
if 7, converges to its correct value.

Below we shall analyze the convergence of the proposed AMBGAMP algorithm. Note that
the updates of ¢z, ¢, in (76), (80) imply that these approximate posteriors inherit the higher
order cumulants of their respective priors (cf. Edgeworth expansions around a Gaussian). Only
the means and variances are affected by the iterative algorithmn. In the Gaussian case, the mean
subsystem depends on the variances, but the variance subsystem runs independently. Hence their
convergence can be analyzed separately. In the non-Gaussian case, their coupling may need to be
reconsidered though.

9 Convergence of the Variance Subsystem
In the Gaussian priors case, the updates of the variances can be checked to result in the following

variance subsystem _
y 1./l =1./0% + STr!7L,

1./t =02+ STl
To analyze convergence, we investigate the contractiveness of the mappings via their Jacobians

(90)

or, o or  OTE 2
P — 77 =-D}?87%, oriT =-D%?8S (91)
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where we introduced the notation D!, = D(7}) etc., D2 = (D%)? etc. By the chain rule, we get

87'; o 87-; 87';‘_1

aré:lT - B‘rst_lT a-r;‘lT (92)
0T, _ Pt 2 @Tt—1,2 t—1,2 QTTVE—2,2

i = DY? STDIL2 SDL L2 STD 228

Note that the cascade of Jacobians involves a cascade of the following matrices

B' = BLB!" - (DS7DL) (DL SD ) (99
We can investigate the contractivity of B? using any norm since all valid norms are commensurate.
A judicious choice here is the infinity norm

Bl z||
B!||sc = max Hioo = max |B'z|. = |B'1 94

where the last identity follows from the non-negativity of the elements of B (and B, or By) which
implies that Btz < Bf1 for any & with |||« = 1 (where the relation < y indicates that x is
element-wise not larger than y). Now we have

B'1 =B, B 2 |B{ e B 1 =X [|Bf[loc [B{T oo 1

_ (95)
= [[Bflec < [IBLlloc IBL oo < 1

where we assume that at least one of |B.|s < 1, |B{7!|s < 1 is strictly smaller than one.
So, (95) implies converges of the variance subsystem. The statements in (95) hold in the general
non-Gaussian case. In the Gaussian case, we get from (93), (90)

B oo = BT 1 loe = D! DL 1|

t—1
Sk,:‘rz

_ t—1 t—1 _ _ SkeTy
- HD‘? ST’I‘ ||OO = Imaxg 03k+sk,;fat:71 < 15 (96)
IBL oo = [BL1]loo = DL STDE ! 1]
t QT t—1 shri™!
= HD;C St ||oo = max; m <1.

10 Large System Analysis with n.i.i.d. Measurement Ma-
trix

To show that at convergence, the variance subsystem 7, converges in the large system limit to the

optimal MSE in the Gaussian case. We use the following result from [23], [24] :

Theorem 10.1. Let Qn,Dx € RVXN be deterministic symmetric matrices and Y y = XNDX% =

Ef\il dimiwf[, with diagonal D and Xy containing M independent columns x; with covariance
matriz ©;. Also, assume that Qy, Dy, ©; have uniformly bounded spectral norms. Then, as
M, N — oo at constant ratio

%t?“ [QN(YN + DN)_I} — %tT[QNTN] RN 0, with (97)
—1
Ty = (Zi\il ‘ffe) + DN) , where the e; satisfy (98)
~1
ey = tr [dk@)k (Zﬁil 45 +DN) } Jk=1,...,M. (99)

The convergence in (97) is the convergence of a scalar to its mean, by LLN. Note the presence
of the weights 14e; in the denominator of the sum in Ty in (98), which reflect that the expected
value of a matrix inverse is not the inverse of its expected value. Note that the tr [®;] should be
of order 1, which means that the sum in T is implicitly normalized. The e; satisfy the implicit
equations (99), and can be obtained as the fixed points of the RHS interpreted as a mapping (with
global convergence).

We assume the columns of AT = [al . aM] to be zero mean and independent with diagonal
covariance matrix E (aiaiT) = ;. The optimal MSE in the Gaussian case is given by (with e.g.
D,: = D(o32))

x
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M
a.s ]- 91 — .
—t D! th 1
i L_l 0+ er) +D,, , Wi (100)
1 L e o
=tr{ —© d D' 101
R R [z—; o (te) v (10D

On the other hand the GAMP variance subsystem converges to (90), without iteration indices.
With large A, ST, and ST, converge to their expected values

E[ST,), =E[AD,A"] = tr{©;D,}; (102)
M
ED (S"r) = E diag (A"D,A) =) 7. 4O (103)
k=1
Therefore, the empirical mean of the posterior variance 7, becomes
1 1 M -1
_ -1
D} = tr{ D +;;Ts’k®k] : (104)
From (90), (102), it follows that
1
Ts,k = (105)

Oyl + tr{@kDaj} ’
Define €}, = % and substituting (105) into (104), we obtain

v,k
y -1

1 1 O

LD = 14 D! v .

D)} = +trq | D *;av,i(we;)} ’

) ’ ) » (106)

A k. D_1 —

e) = tr = 2 ;:1: ovi(l+e€h)}

This shows that the system of equations defined by (106) is the same as the system defined by
(100), (101). Therefore, the empirical mean of 7, converges to the optimal MSE in the large system
limit. Note that above we have applied the Theorem with Qx = Iy but the same results hold for
any Qu, corresponding to deterministic limits for variably weighted MSEs tr{QnxD, }/tr{Qn}.

11 Convergence of the Mean Subsystem

We consider here the convergence proof for the case in which the update of u minimizes its quadratic
cost function, i.e. gf(uf) = g’(0) + H'u® = 0= u’ = —(H')"'g’(0). We shall investigate the
convergence of the mean subsystem once the variance subsystem has converged. Similar to the
convergence proof in [20], we will derive the Jacobian of the updating function and prove the
convergence by showing that the Jacobian is contractive. We define the short hand notations
r=[F 7", D=D@1./r),B=D:[1 A”]",
C=D3:[A -1]" H=[Omxn I]D3, (107)
w'=D3 [#7 #T]" P=B(B'B) 'B”.
[:’B\tT 7t T]T

Furthermore, we define the update function for as
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z! rt gz(rt)] {E(aﬂrt T )}
~ | = = = I 108
2 =s (b)) - (56 - 657 e
In the following we will show that the system 6% = [wt’T st’T]T is converging. With notations
defined above, we can rewrite u* = —(H')"1gf(0) as
u' = (B"B) ' BTw' . (109)

The vector w' is updated via
w'=g(Pw' '+ Cs" ) =g ([P C]o), (110)
where g(v) = D%g (D_%v). The update of s' can be written as

s! =s'7! + H (w! — Bu)

—s 1 H[g([P o)~ Puw]. (111)
Combining (110) and (111), we obtain the update equation for 6,
_ I|. _ 0 0 _
0! = h(0' 1) = {H} g([PC]o) + [_HP 1} 01, (112)

where h(6°~!) denotes the update function. We get for the Jacobian g'* = g’ ([P C|8'"!) =

D? g't Dz = g't which is diagonal since g(.) is an elementwise function. As mentioned in [20

B
g't is a positive semi-definite diagonal matrix with all elements smaller than 1. Furthermore, in

the Gaussian case g'* is a constant matrix. The Jacobian of h(8'~!) is given by

I 0 0
o /t
h't = {H}g [P C]+ [_HP I}
g/151;) g/tC (113)
B [H(g’t ~I)P Hg'tc+1} '

We calculate the terms Hg'*C and H(g’ — I), which leads to
Hg'C = g, H(g" —T) = (g ~ DH. (114)

Hence, the Jacobian h’* becomes

o g/tP g/tC B g/t 0 P C
h _[(gg—I)HP 1-¢|~ |0 1-g/||-HP I (115)

Since all the elements of g'* range from 0 to 1,
/t

0
0= {go I— g/t] = max{||g"[loc, 1 — [lg |} T < T. (116)

We calculate the eigenvalues of the second matrix at the right of (115) via

AI-P -C
det{ HP AI_I} = 0. (117)
For the determinant of block matrices, we have
dot AI-P -C
I HP M-I (118)
= det(\I — P)det[]\I - 1+ HP(\I — P)~1C].
By the matrix inverse lemma and the definition of P, we get
I P
M-P)'=2-——. 11
Note that from the definition in (107), PC = B(BTB)~!BTC = 0. Hence (118) becomes
ANI-P -C
det [ HP - I} = det(AI — P) det(A\I —1). (120)
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Set this determinant to 0 and solve for A, we find that the eigenvalues are 0 and 1. Therefore, the
update operation h(0) is contractive.

12 Simulation Results

For the simulations, we set the SNR to 20dB, and the system dimensions to M x N = 512x1024. We
consider a Gaussian setting with white noise and « is drawn from an n.i.i.d. Gaussian distribution
with zero mean and variance profile 092:1_ =0.991""Y i =1,...,N. For A, we follow the setup
in [25]. Namely first A gets generated as i.i.d. zero mean Gaussian, its SVD gets computed and
the singular values {s; > --- > sy} are changed to a geometric series with a specific condition
number ;TIJ We compare the results to the LMMSE estimator. Fig. 1 illustrates the difference
between the ! and the LMMSE Zyvsk, whereas Fig. 2 compares the difference between 7} and
TvMsE- The "normalization” mentioned in the captions refers to division by N. These simulations

show that the AMBGAMP algorithm continues to work in unrealistically severe scenarios (in which
AMP diverges).
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13 Concluding Remarks

In this paper, we studied the BFE of GLMs using a joint factorization scheme. This factorization
allows us to extract approximate priors and likelihood. By looking at the stationary point in LSL
we replace the non-separable constraints with separable ones. This leads to the LSL BFE. This
paper also interprets extrinsics for both input and output nodes as CWCU LMMSE estimation
operations.

We propose a convergent version of GAMP, AMBGAMP, which applies alternating minimiza-
tion to an augmented Lagrangian of a large system limit of the Bethe free Energy (BFE). AM-
BGAMP can be interpreted as applying a simplified ADMM to the BFE, with a constrained
Lagrange multiplier parametrerization for the mean constraint, and a quadratic optimization sub-
problem being solved by a gradient update with line search. The ADMM is complemented with a
fixed point iteration for the variance constraint.
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