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Abstract

This deliverable presents results related to Tasks 4.2 and 4.3 of the CellFree6G project
and investigates distributed semi-blind algorithms for joint activity detection, channel estima-
tion, and data detection (JACD) in grant-free cell-free massive multiple-input multiple-output
(GF-CF-MaMIMO) systems. These systems are especially relevant for massive Internet-of-
Things (IoT) scenarios, where a large number of sporadically active devices prevents the use
of orthogonal pilot sequences and necessitates decentralized signal processing. These systems
are fundamentally challenged by (i) pilot contamination due to non-orthogonal pilot reuse, (ii)
stringent scalability constraints arising from large numbers of sporadically active devices, and
(iii) distributed network architectures.

To address these challenges, the deliverable presents novel Bayesian approximated inference
algorithms based on expectation propagation (EP) that enable efficient and scalable JACD
without relying on centralized processing of received signals. The proposed framework exploits
a distributed factor-graph representation of the joint posterior distribution, allowing channel
estimation and refinement to be performed locally at the access points, while user activity
detection and data detection rely on lightweight message exchanges and simple fusion opera-
tions. This architectural separation significantly reduces fronthaul requirements and supports
decentralized implementations with cooperation among processing units.

Two distributed EP-based algorithms are proposed. The first employs Gaussian approxi-
mations for channels, while the second introduces a Bernoulli-Gaussian (BG) channel model
that explicitly captures channel sparsity induced by sporadic user activity. A key methodolog-
ical contribution is the derivation of an exponential-family representation of the BG distribu-
tion, which enables its seamless integration into the EP framework and leads to closed-form
message updates with polynomial complexity. The proposed algorithms are inherently suitable
for GF-CF-MaMIMO systems equipped with an arbitrary number of antennas at the access
points (APs), as requested in Task 4.3.

The deliverable provides a comprehensive performance evaluation based on numerical sim-
ulations, alongside an analysis of computational complexity and information-exchange over-
head. Simulation results demonstrate that the proposed distributed algorithms significantly
outperform centralized linear receivers and state-of-the-art baselines, particularly under severe
pilot contamination, achieving near-optimal performance. Overall, the results demonstrate
that the proposed semi-blind distributed approaches effectively mitigate pilot contamination,
achieve near-optimal performance, and offer a favorable trade-off between performance, scala-
bility, and implementation complexity, thereby supporting practical deployments of large-scale
GF-CF-MaMIMO systems.
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1 Introduction

The explosive growth of Internet-of-Things (IoT) devices and the evolving requirements of mas-
sive and critical machine-type communications (MTC) for ultra-low latency, high reliability, and
energy efficiency call for new communication system designs [3]. Traditional grant-based multi-
ple access schemes fail to meet these high demands due to signaling overhead and latency, es-
pecially under dense device deployments and sporadic burst traffic. Hence, grant-free random
access has emerged as a compelling alternative, facilitating efficient resource utilization without
the need for an explicit scheduling grant [4-6]. Simultaneously, the cell-free massive multiple-
input multiple-output (CF-MaMIMO) network architecture, in which a large number of geo-
graphically distributed access points (APs) jointly serve a potentially large number of user equip-
ments (UEs), enables ubiquitous coverage and energy-efficient communication [7-9]. Grant-free
CF-MaMIMO (GF-CF-MaMIMO) systems combine the advantages of grant-free random access
and CF-MaMIMO and are promising candidates for next-generation IoT networks [10,11]. At the
same time, CF-MaMIMO architectures implemented with centralized processing face fundamen-
tal scalability limitations [12] which are further exacerbated in GF-CF-MaMIMO systems, where
a large number of sporadically active UEs must be jointly processed, motivating the design of
distributed algorithms.

In addition to the classical communication tasks of channel estimation and data detection,
grant-free random access requires identifying the set of active UEs transmitting data. To ac-
complish this, UEs transmit pilot sequences which can be used to jointly estimate both device
activities and channels, a process known as joint activity detection and channel estimation (JAC),
e.g., [13,14]. However, the large number of connected devices in massive MTC prevents the use
of orthogonal pilot sequences, leading to pilot contamination (PC) which degrades overall system
performance and further complicates activity and data detection. PC occurs in any communica-
tion system where UEs transmit non-orthogonal pilot sequences. In centralized MaMIMO sys-
tems, channel hardening and favorable propagation have been used to alleviate the PC problem
for grant-based multiple access in [15-19]. In contrast, such properties typically do not hold in
CF-MaMIMO [20-23], rendering such decontamination methods ineffective. The use of central-
ized minimum mean squared error (MMSE) processing in grant-based centralized MaMIMO was
shown to mitigate PC under practical channel statistics in the asymptotic regime of infinitely many
antennas [24, 25]. Similar results were obtained for distributed processing in CF-MaMIMO [26].
However, PC still remains a major practical challenge [12], especially in scalable CF-MaMIMO
systems, which inherently rely on distributed signal processing, with a limited number of APs and
antennas per AP. This problem becomes even more severe in GF-CF-MaMIMO where the addi-
tional need for UE activity detection arises and a much larger number of UEs are simultaneously
processed, thereby intensifying PC. These challenges motivate the development of distributed pilot
decontamination schemes that can effectively mitigate PC while jointly supporting scalability and
low fronthaul traffic in GF-CF-MaMIMO architectures.

One promising approach to mitigate PC is to exploit not only the pilot symbols for channel
estimation and UE activity detection but also the received data symbols. In grant-based multiple
access, where the UE activities are known beforehand and only channels and data symbols need to
be estimated, this approach is referred to as joint channel estimation and data detection (JCD).
Several studies have explored JCD in CF-MaMIMO systems. The authors in [27] investigated
semi-blind methods for JCD in CF-MaMIMO and derived conditions for semi-blind identifiability.
In [28], a JCD scheme based on forward-backward splitting was developed, exploiting the sparsity of
CF-MaMIMO channels and employing non-orthogonal pilot sequences. A distributed expectation
propagation (EP)-based semi-blind JCD algorithm for CF-MaMIMO systems was presented in [29]
and was further refined and analyzed under PC in [30]. The authors in [31] combined variational
Bayes and EP to develop a semi-blind JCD algorithm based on Bethe free energy optimization.

In grant-free random access, the received data symbols can also be used to additionally en-
hance the UE activity detection, a task referred to as joint activity detection, channel estimation,
and data detection (JACD). In the literature, different JACD schemes have been proposed. One
class of algorithms is based on sequences spreading data whereby the data symbols of each UE are
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multiplied by a unique spreading signature, e.g., [32-34]. These unique, generally non-orthogonal
signatures spread the transmitted symbols in the time/frequency domain, enabling multiple UEs
to share the same resources. However, spreading data reduces the spectral efficiency and limits
the achievable data rate per UE. Hence, in the following, we focus on JACD schemes that do not
rely on spreading data sequences. For centralized MaMIMO systems, several non-spread JACD
schemes based on bilinear generalized approximate message passing (BiG-AMP) have been pro-
posed. These include approaches that combine BiG-AMP with loopy belief propagation (BP) [35],
introduce vector nodes with correlated channels [36], or iteratively exchange information with the
channel decoder [37]. In [38], bilinear Gaussian BP (BiGaBP) was applied to the JACD problem
in GF-CF-MaMIMO networks, employing low-coherence pilot sequences. Here, the beliefs of the
Bernoulli-Gaussian (BG)-distributed channels and the categorically distributed data symbols are
approximated by Gaussian distributions, and a corresponding message-passing algorithm was de-
rived. The authors in [39] developed two JACD algorithms based on forward-backward splitting
and deep unfolding for hyperparameter optimization. The proposed centralized algorithms employ
Laplace distributions to model the sparsity of channels and data.

In this deliverable, we present two novel distributed JACD algorithms for GF-CF-MaMIMO
networks which have been published or submitted for publication in [1,2]. We formulate the JACD
task as a maximum a posteriori (MAP) estimation and detection problem and, then, solve it ap-
proximately using EP, a Bayesian learning technique that iteratively computes tractable approxi-
mations of factorized probability distributions employing exponential family distributions [40,41].
To this end, we factorize the a posteriori probability (APP) distribution of user activities, chan-
nels, and data symbols to enable a tractable joint inference on a factor graph based on EP. This
factor graph approach enables an inherent distributed implementation of the proposed algorithms
which is suitable for decentralized and scalable CF-MaMIMO systems with baseband-processing
capabilities at the APs.

Parts of this deliverable have been published in [2]. The remaining material, submitted for
publication in [1], introduces as its main novel contribution compared to [2] the adoption of BG
distributions within the EP framework to more accurately capture the sparsity of the effective UE
channels. This modeling refinement leads to a significant improvement of the JACD performance.

The approach presented in [2] relies on Gaussian approximations for the effective UE channels,
which do not explicitly capture channel sparsity and yields the JACD-EP algorithm. To enable EP
inference with BG random variables, in [1] we first derive the exponential family representation
of the BG distribution and then apply EP message passing to develop the JACD-EP-BG algo-
rithm. Finally, we conduct an extensive performance analysis via Monte Carlo simulations and
compare the proposed algorithms with optimal linear and state-of-the-art EP-based algorithms.
The contributions of this deliverable are summarized as follows:

e We formulate the JACD problem as a MAP estimation and detection problem and propose
a factor graph that enables EP-based inference of the approximate APP distributions of
UE activities, channels, and data symbols. The proposed formulation yields a natural task
partition between APs and central processing unit (CPU), leading to a distributed algorithm
that keeps the computational load at the CPU linear in the number of data signals, supports
scalability, and facilitates a structured and efficient design of the information exchanged over
the fronthaul.

e We present the exponential family representation of the BG distribution, enabling simple and
closed-form multiplication and division of BG distributions and their seamless integration into
the EP framework. The BG model provides a more effective representation of sparse random
variables such as channels between UEs with unknown activity state and APs compared to
Gaussian approximations.

e We develop the two distributed JACD algorithms by applying EP on factor graphs with
Gaussian and BG channel models, yielding the proposed JACD-EP and JACD-EP-BG al-
gorithm, respectively. Both algorithms exhibit a polynomial computational complexity and
enable scalable signal processing in GF-CF-MaMIMO systems.
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e We present an extended numerical analysis of the proposed algorithms’ performance for
different pilot sequence lengths, modeling different levels of PC. As benchmark, we adopt
centralized linear MMSE processing, including genie-aided variants, and show the superior
performance of the proposed distributed algorithms, particularly under severe PC. Since
centralized MMSE processing provides an upper bound on the performance of distributed
linear MMSE schemes, no distributed linear MMSE benchmark is included. The results show
that linear MMSE processing is not sufficient to effectively combat PC, highlighting the need
for nonlinear estimation and detection schemes.

The remainder of this deliverable is organized as follows. In Section 2 and 3, we introduce the
GF-CF-MaMIMO system model and formulate the inference problem, respectively. In Section 4, we
derive the exponential family representation of the BG distribution. Then, in Section 5, we propose
the JACD-EP and JACD-EP-BG algorithms. In Section 6, the performance of the proposed
algorithms is evaluated via Monte Carlo simulations. Finally, conclusions are drawn in Section 8.
The detailed analytical derivation of each algorithmic step is provided in the appendices.

For the sake of clarity, each section header specifies whether the corresponding contributions
originate from [1,2] or are common to both manuscripts.

Notation: Lower case, bold lower case, and bold upper case letters, e.g., x,x, X, represent
scalars, vectors, and matrices, respectively. Iy is the N-dimensional identity matrix. diag(-)
denotes a diagonal matrix whose main diagonal entries are given by the elements inside the brack-
ets. 0(-) represents the Dirac delta function. The indicator function 1. equals one if the con-
dition in the subscript is satisfied and zero otherwise. (-)T and (-)" denote the transpose and
conjugate transpose (Hermitian) operation, respectively. The trace of a matrix X is written
as tr{X}. |S| stands for the cardinality of the set S. E{-} denotes the expectation operator.
CN(x|p,C) = \WC\*le’(x*“)HC_l(x*”) represents the probability density function (PDF) of a
proper complex-valued Gaussian random vector x with mean g and covariance matrix C. 7(x) de-
notes the probability mass function (PMF) of a categorical random variable x. The notation  ~ p
indicates that the random variable x follows the distribution p. In a factor graph, the message sent
from the factor node ¥, to the variable node xg is denoted as my_ .x 5 and consists of parameters of
the distribution py .x,(x) in the exponential family. Note that we adopt the same subscript also
for the parameters, e.g., py, x;(Xg) = CN(XﬁW\IJQ;x,;a Cu,x,) With mean pg .., and covariance
matrix Cy,x, O Pw,xs(X5) = T, xs(Xp) with probability values 7y, x, (Xg) for a Gaussian
or categorical random variable xg, respectively. Analogous notation holds for variable-to-factor
messages Mx;v,, -

2 System Model

We consider the uplink of a GF-CF-MaMIMO network comprising L geographically distributed
APs, each equipped with N antennas, serving K synchronized single-antenna UEs as illustrated in
Fig. 1. All APs are connected to a CPU via fronthaul links. Due to the sporadic traffic character-
istics of the network, only a subset of the K UEs is active and transmits data simultaneously. Let
Y, = [yi1 - yir] € CV*T denote the signal received at AP [ over a coherence block of T' channel

uses. It is given by
K

Y, =HUX+N; = Z hy pugxy + Ny, (1)
k=1

where H; = [h; 1 - - - h; k] € CV*E denotes the channel matrix of AP [ with h; ; € CV*! being the
channel between AP [ and UE k. The diagonal activity matrix U = diag(uy, ..., ux) € {0, 1}5*K
contains the binary activity indicators where u;, = 1 if UE k is active and u, = 0 otherwise.
X = [x1 ---xg|" € CEXT is the transmit symbol matrix with x;, € CT*! representing the transmit
sequence of UE k and N; € CV*T is the matrix of independent and identically distributed (i.i.d.)
additive white Gaussian noise (AWGN) elements n ~ CA(n|0,02). The channels and the user
activity indicators are constant during the channel coherence interval. We assume block Rayleigh
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Figure 1: GF-CF-MaMIMO network with geographically distributed APs and UEs exhibiting
different activity states.

fading channels, i.e., hy, ~ py,, (hy ) = CN(hy x|On, B k), where B, € CN*N is the spatial
correlation matrix and & = %tr{EM} is the associated large-scale fading coefficient. The activity
indicator uy is drawn from a Bernoulli distribution, uy ~ py(ur) = (1 — A) Ly, =0 + ALy, =1 where
A denotes the user activity probability. The transmit symbol matrix consists of a pilot part
X? € CE*Tr with known pilot symbols 2}, and a data part X% € X%*Te with data symbols z¢,
such that X = [X? X9] and T, + Ty = T. The transmit symbols belong to the constellation X of
cardinality M = |X| which does not contain the zero-symbol, i.e., 0 ¢ X. All UEs transmit with
the same average transmit power o2 = E {|$kt\ } A similar decomp081t10n holds for the receive
matrix, i.e., Y; = [Y7 Y] with recelved pilots Y € CV*T» and received data Y € CN*Ta,

Finally, we assume 7}, < K since the number of UES can be very large and assigning orthogonal
pilot sequences to the UEs is generally impractical. This inevitably leads to the so-called PC effect.

3 Problem Formulation

The non-orthogonality of the pilot sequences degrades both user activity detection and channel
estimation performance. The detrimental effect of PC can be mitigated by exploiting the detected
data symbols to improve activity detection and channel estimation, which in turn enables a refine-
ment of the detected data symbols and yields an iterative JACD approach. At first, we summarize
the received signals from all APs in the global model

Y = HUX + N, (2)

where, for A = {Y,H, N}, we define A = [A] --- AT]T. For JACD, the receiver jointly estimates
the user-activity, channel, and data matrices U, H, and X, respectively. The MAP estimator is
given by
(ﬂ,I:I,Xd) = argmax p(U, H, X?|Y,XP), (3)
U,H,X¢d

where the APP distribution p(U, H, X¢|Y,XP?) can be factorized using Bayes’ rule as
p(U,H, XY, X?) o p(Y|U, H, X) - p(U) - p(H) - p(X). (4)

Direct MAP inference in (3) is computationally intractable due to the high dimensionality of the
involved variables. Hence, in Section 5, we propose two low-complexity approximate Bayesian
learning methods for JACD. Since these methods rely on EP and BG distributions, we review the
key properties of the exponential family and provide an exponential family representation of the
BG distribution in the following section.
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4 Bernoulli-Gaussian Distribution in Exponential Family Form [1]

In this section, we derive the exponential family representation of the BG distribution. To this
end, we first recall the general form of an exponential family distribution and, then, show that the
BG distribution can be expressed in exponential family form.

4.1 Exponential Family
A probability distribution belongs to the exponential family if it can be expressed as [42]

p(x) = 7 ut—Am) (5)

where 7 is the vector of natural parameters, u(x) is the vector of sufficient statistics, and A(n) is
the log-partition function. Exponential family distributions enjoy convenient properties, e.g., they
allow simple multiplications and divisions of probability distributions, which makes them attractive
in the EP framework. Two prominent members of the exponential family are the Bernoulli and
Gaussian distributions reviewed below.

Let € {0,1} be a Bernoulli-distributed random variable that equals one with probability A
and zero with probability 1 — A. The corresponding PMF is given by

pi(a) = (1= W)=t - XIhe  emouna)—antm), (6

with natural parameter ng = log %7 sufficient statistic ug(x) = 1,—0, and log-partition function
Ap () = —log A = log(1 + e™).

The exponential family representation of the proper multivariate complex Gaussian distribution
with mean p and covariance matrix C is given by the PDF

PG (x) = CN (x|, ©) = et Aatne), (7)

with natural parameters A = C~!, v = C~ !y, and corresponding vector of natural parameters
Ng = [»yT,'yH, —Vec{A}T]T, sufficient statistics ug(x) = [XT7XH,VGC{XXH }T]T7 and log-partition
function Ag(ng) = YA~y —log |7 TA.

4.2 Bernoulli-Gaussian Distribution

A BG random variable describes two mutually exclusive events. The first event occurs with prob-
ability A and yields a Gaussian random vector with mean g and covariance matrix C. In the
complementary event, which occurs with probability 1 — A, the random vector is zero. We de-
note the probability A as activity probability and the probability mass at zero 1 — A as inactivity
probability. By introducing the Bernoulli indicator as for the Bernoulli distribution in (6), the BG
model can be expressed in exponential family form as shown by the following proposition.

Proposition 1. The exponential family representation of the BG distribution with activity proba-
bility A and the proper compler Gaussian event characterized by mean p and covariance matrix C
s given by

PBG (%) = BG(x| A, 1, C) = ¢Mhene (= Anemma), (®)

with vector of natural parameters ngg = [/{, naT, sufficient statistics upg(x) = [le:(), ug (X)T]T,
and log-partition function Apc(ngg) = log (eAG("G‘) + €*), where K = log % +Ac(ng)-

Proof. The BG mixture model can be expressed in terms of the Bernoulli indicator as

peG(x) = (1 — A)1x=0 . () - eM6uc () =Ac(na))1-Tx=0,
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Collecting all terms into natural parameter and sufficient statistic vectors yields

pBG(x) = (1 ; )‘) ]lxzo,eAG(nG)‘]lx:O _elogA_en'éUG (x)—Ac(ng)
— o lx=otnguc (x)+log A_AG("’G)’
which proves the claim with npq, upa(x), and Apg(npe) defined above. O

We observe that the exponential family representation of the BG model introduces an additional
natural parameter and sufficient statistic beyond those of the Gaussian distribution which are
related to the inactivity event. The probability distribution BG(x|A, p, C) returns the inactivity
probability 1—A when x = 0, and for x # 0 the corresponding PDF value of the Gaussian event
scaled by the activity probability A.

The key advantage of the exponential family representation is the straightforward computation
of normalized products or quotients of the respective distributions by simple addition or subtraction
of the natural parameters, respectively. For example, the product of two BG models characterized
by the natural parameters (k1,7;,A1) and (k2,79, Ag), respectively, yields another BG model
with natural parameters (k1 + k2,7, + Va9, A1 + Ag). To offer further insights, we present in
the following the results in the original parameter space, i.e., activity probability A\, mean g, and
covariance matrix C, and explicitly state the normalization constant. Similar results can be derived
for quotients of BG models but are omitted for brevity.

Corollary 1 (Bernoulli-Gaussian Product Lemma). The product of two BG models yields a new
unnormalized BG model,

BG(x[A1, py, C1) - BG(x| Az, pg, Ca)

= Bg(X‘)\,/J/,C) : [AlAQCN(O‘Ml — Mg, Cl + C2) (9)
+ (1 =)0 = Ao)]

with
_ AMACN(O]py — py, C1 + Co)
A= , (10)
AMA2CN (0|t — o, C1 4 Co) + (1 = A1) (1 = o)
c=(ci'+c;h)7, (11)
p=C(Cilu +Cyluy). (12)
Proof. The proof is shown in Appendix A. O

The mean (12) and covariance matrix (11) of the Gaussian part are identical to those in the
Gaussian product lemma, c¢f. Lemma 1 in Appendix C. The activity probability (10) provides
insights when we explicitly consider the two events a BG random variable characterizes. The event
of inactivity occurs with a probability that is proportional to the product of the two factor inactivity
probabilities, i.e., (1 — A\1)(1 — A2). The activity probability (10) is proportional to the product
of the two factor activity probabilities, i.e., A\ A2, and a correction factor which measures how
well the two Gaussian densities match, i.e., CA/(0|pe; — pro, C1 + Ca). The correction factor is the
normalization constant that appears in the Gaussian product lemma. Note that for \; = Ay =1,
the BG product lemma reduces to the Gaussian product lemma.

For illustration purposes, two examples of a BG product are shown in Fig. 2. Here, the random
variable is modeled as real-valued for simplicity. In Fig. 2a, it can be observed that the area of the
Gaussian component corresponding to the activity probability for the resulting product is fairly
small, even though the two original BG distributions have an activity probability of A\; = 0.8 and
Ao = 0.9, respectively, because the respective Gaussian distributions do not significantly overlap.
The opposite behavior can be observed in Fig. 2b.
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—p1(z) —pi(z)
0.8+ —po(z) 0.8+ —po(z)
pi(z) - pa(z) pi(z) - pa(z)
0.6+ 0.6+
04+ 04+
0.2+ 0.2+ T
0 : 0 = :
5 0 5 5 0 5
x x
(a) p1 = =2, p2 = 3. (b) p1=-2, pp = -3.

Figure 2: Example BG product with A\; = 0.8 and A, = 0.9.

Besides, it is worth mentioning that computing the product of a BG and a Gaussian distribution
is also straightforward with the proposed exponential family representation and reduces to simple
addition of the natural parameters corresponding to the Gaussian component. Assuming a BG
distribution with natural parameters (k1,7;,A1) and a Gaussian distribution with (75, A2), the
product is a BG distribution with natural parameters (k1,7; + 74, A1 + A2). The same result
is obtained by modeling the BG distribution as the sum of a weighted Dirac delta at zero and
a weighted Gaussian distribution, i.e., (1 — A1)d(x) + A\iCN (x|uy, C1), and then multiplying the
sum by the Gaussian distribution CN (x|u4, C2) as proposed in [43]. The equivalence of the two
approaches is omitted for brevity.

Finally, we note that the proposed approach for the BG exponential family representation can
be readily extended to a broader class of probability distributions with an arbitrary number of
discrete point masses at arbitrary positions. Furthermore, the active part that is modeled by a
continuous Gaussian distribution in our work can be replaced by another continuous distribution
with exponential family representation. The kind of distributions that can be modeled by our
approach are related to the so-called spike and slab priors [44] where the discrete probability mass
characterizes the spike and the continuous probability distribution models the slab. This generality
makes the presented approach applicable to a wide range of problems in signal processing.

5 EP-based JACD Algorithms [1, 2]

In this section, we propose two novel EP-based JACD algorithms. The algorithms are derived
by first introducing a convenient factorization of p(U, H, X4|Y, X?) which induces a factor graph
as shown in Section 5.1. Then, we assign parametric exponential family representations to the
factors to approximate the APP distribution as discussed in Section 5.2. Different choices of these
approximate exponential family models yield the two proposed algorithms. Finally, EP message-
passing rules are applied to the factor graph as detailed in Section 5.4.

5.1 Factor Graph Representation

Similar to [29], we introduce the auxiliary variables g = hy puy, and z; k; == g xTk: to decouple
activities, channels, and data across UEs. We collect all auxiliary variables in the matrices G and
Z, respectively. The joint MAP estimator of the user activity, channel, data symbols, and auxiliary
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variables maximizes the APP distribution given by

»(U,H, X%, G, Z|Y,X?)
L K T

SIS

l=1k=1t=1

Zl,1t,~-~7Zz,Kt)'p(Zl,ktlgukwkt) (13)

P& ey ) By (00) P (B1)- Pl

where the factorization follows from the independence of channel vectors across APs and UEs,
the independence of user activities across UEs, and the independence of data symbols across
UEs and time indices. The terms py, (ux) and pp, , (hyx) denote refined prior information on
the user activity u; and the channel h;j, respectively, which can be acquired by a pilot-based
initialization algorithm. Omne possible initialization algorithm is the joint activity detection and
channel estimation via expectation propagation (JAC-EP) algorithm presented in [2] an described
in Appendix B. We denote the resulting prior information for uj and h; ; by the two probabilities
Puy, (0) and Py, (1), and by the channel mean vector fi;,, , and covariance matrix éhh . respectively.
The probability distributions in (13) are represented by factor nodes (rectangles) in the factor
graph illustrated in Fig. 3 and are given by

K
>z, a,%IN>, (14)

Uy, = p(Yielzi1e, 20 Kt) = CN(Yz,t
k=1

s = P(ZLkt|8LE, The) = (20,1t — BLETRe),

Ve =D (15)
W, . = p(&rkhuw, ue) = 6(grr — hukuk), (16)
(17)
(18)

\Ijuk : ﬁuk (uk) = f)uk (O)ILUkZO +ﬁuk(]‘):ﬂ‘uk:1’
Uhy oy = Dy (hig) = CN(hz,k’ﬂhM,Chl,k),
1 P fort <71,

\\ = T = Tht =Ty .
Tkt pz( kt) {]\ZLEMEX for t > Tp

(19)

The variables in the above equations correspond to variable nodes (circles) in the factor graph.
The factor and variable nodes are organized to reflect their implementation at the CPU and the
APs. As shown in the factor graph, the CPU combines the information from the APs to estimate
user activities and data. In contrast, the channels are estimated locally in each AP and do not
need to be forwarded to the CPU.

5.2 EP Approximations and Fronthaul Load

To apply the EP message-passing rules to the factor graph in Fig. 3, we assign a parametric
distribution representation from the exponential family to each variable node to approximate the
corresponding APP distribution. Categorical distributions are chosen for the variables xx; and uy
whereas the variables z; ;; and h; ; are modeled by multivariate complex Gaussian distributions.
The variable g; , is treated differently for the two proposed algorithms. In the JACD-EP algorithm,
g, follows a multivariate complex Gaussian distribution, whereas in the JACD-EP-BG algorithm,
g1, is modeled by a BG vector as presented in Section 4. The parameters characterizing these
approximate posterior distributions constitute the messages propagated along the graph.

The fronthaul load is determined solely by the messages associated to xx; and ug. For ¢ > T,
messages from and towards node x; consist of M —1 probabilities while no messages are exchanged
for t < T, since the pilot symbols are known a priori. For uj, a single real-valued parameter
suffices to describe its distribution. Hence, the total fronthaul load per iteration amounts to
2LK (Tq(M — 1) + 1) real-valued numbers where the factor two accounts for the bidirectional
exchange between CPU and APs.

10
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Figure 3: Factor graph for the EP-based JACD algorithms with 7 := T, + 1. The numbered red
dashed arrows show the flow of information according to the scheduling presented in Algorithm 1.
Each number corresponds to one message update in Algorithm 1.

5.3 Initialization and Scheduling

The proposed algorithms are initialized using the activity and channel estimates obtained from the
JAC-EP algorithm [2]. This pilot-based initialization algorithm provides the soft user-activity esti-
mates Py, (ux) and channel distributions py, , (hy k), equivalently characterized by the expectation
of their sufficient statistics (g, k,Ch, ») or their natural parameters (7, k,Ah, .), which serve as
priors for the JACD-EP and the JACD-EP-BG algorithm. The exchanged messages are initialized

as follows. The initial mean vector and covariance matrix for the message my., ., Vk,l,t are

determined from the prior information on z; x¢ induced by py, (ux), P, , (hy ), and p, (e,

(20)

Jpu, (V) - gy, - xy, fort < T,
I’I“I/zl KeoBlLkt 0 for £ > Tp ,

~ ~ - -H
Pus (D (Crs + th’kMth’k fort < 1T,

C\leﬁkﬁzl,kt: puk( )) |xkt‘ . (21)
Duy, (1 )(ChszrﬂhM“hlk)UQ for t > T,

IWe compute the expectation of the sufficient statistics of z) 1+ by exploiting the independence of uy, h; j, and
Tgy, .8, the mean E{z; ; } = E{ux} E{h;;} E{xk}. The same approach is applied to g j.

11
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Algorithm 1 JACD-EP* and JACD-EP-BG' Algorithm
2

Input: Pilot matrix X?, transmit power o2, received signal Y, noise variance o2, prior distribu-
tions on user activities p,, (uy) and channels Phy . (hi k).

Output: Estimated activities 4, channels ﬁhk, and data Zy.
1. Vk,,t: Initialize my._ , . ., (20) (21).

2: Vk, 1, t: Initialize mg, ., ., {(22) (23)}* {(24) - (26)}.

3: Vk,I: Initialize my,, , g, {(22) (23)}* {(24) - (26)}1.

4: for 1 =1 to 1. dO

5: Vk,l,t: Update mw,, iz, (2 7) (28).
: Vk,1,t>T,: Update my,, oy, (29).

Vk,l,t>Tp,: Update mg,,v., (31).

Vk,l,t: Update my_, St {(33) (34) via (35) (36)}* {(32) - (34) via (41) - (43)}.

: Vk,l: Update mg, v, , {(46) (47)}* {(45) - (47)}.

10:  Vk,l: Update my,, , u, (48)" (50)T.

11: Vk,I: Update muy,;v,, (51).

12 Vk,I: Update my,, g, {(52) (53)} {(59) - (61)}.

18 Vk, I t: Update mg, ,u., ., {(63) (64)}* {(62) - (64)}.

14:  Vk,l,t: Update my, .z ., (65) (66).

15: end for

16: return 4y (69) Vk.

17: return hyy (72) Vk, 1.

18: return &y (71) Vk,t > T),.

6
7
8:
9

Similarly, the initialization of the messages mw, | gk _— Vk,l,t are determined from
the prior information on g;j and depends on the different EP approximations for g; ;. The

Gaussian variables g; , in the JACD-EP algorithm are initialized as

and Mgy ;0

= P (1) - By (22)
C\I]gl,k gy Cgl,k;‘l’zl,kt: ﬁuk (1) (Chz,;ﬂ'ﬁhl,k /j"l}-:lkﬁuk (O)) (23)

N\I’qlkglk Hg ;v

In the JACD-EP-BG algorithm, the initialization of the BG variables g; . is given by

Awgl1k§gl,k = )‘gz,k;\le‘kt :ﬁuk(l)a (24)
H\Ijglﬁ;wgl,k = ugl,k§\1’zl1kt = ﬂhl,k’ (25)
C\pyl,k;gl,k = ng,k;‘leykt = Chl,k‘ (26)

All other messages are initialized using uninformative priors, namely, uniform distributions for
messages involving categorical variables, and zero-mean, zero-precision distributions for messages
involving Gaussian variables where the precision matrix is the inverse of the covariance matrix.
The uninformative BG distribution exhibits an activity probability equal to 0.5 and a zero-mean,
zero-precision Gaussian component.

After initialization, messages are updated according to the scheduling defined in Algorithm 1
and illustrated in Fig. 3 by the red dashed arrows. Algorithm 1 jointly describes both proposed
methods which follow the same scheduling and differ only in the message updates. We group
update rules for the two algorithms by brackets with different superscripts, i.e., {-}* for JACD-EP
and {-}! for JACD-EP-BG. Message updates without brackets are common to both algorithms.

12
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5.4 Message-Passing Update Rules

In this section, we present the EP message-passing rules used in the proposed algorithms. Detailed
derivations for the JACD-EP and the JACD-EP-BG algorithm can be found in the extended ver-
sion of [2]? and Appendix D, respectively. For a BG random variable, the activity probability A, the
mean vector u, and the covariance matrix C can be readily expressed by the natural parameters
Kk = log % +ptC ' u+log|rC|, y=C ', and A=C~'. The same relations hold for the param-
eters p and C and natural parameters v and A of a Gaussian random variable. In the following, we
freely switch between these two representations without explicitly mentioning the transformation;
whenever (/\q/a;xﬁ,u\l,a;xﬂ,c\pa;xﬁ) are computed, the corresponding (qua;xﬁ,’ywa;xB7A\pa;xﬂ) fol-
low automatically and vice versa.

In the first step, the messages MW, |z Vk,[,t are updated. These updates compute the Gaus-
sian beliefs of the auxiliary variables z; ;+ based on the observation y; ;. In practice, the updating

rules perform soft interference cancellation using the current estimated interference pg .,
1k 0

of all other users k' # k and modifying the covariance matrix accordingly. The message mean and
covariance are

Hq’yl,pzl,kt = yl7t - Z M\Iizl.k’f,;zlvk/” (27)
k'#k '
2
Cq’yl’tizl,kt = U’nIN + Z C‘I}zl,k’t;zl‘k’t' (28)
k'#k

These updated beliefs are used to generate the local categorical data symbol beliefs M, | e
Vk,l,t > T, at each AP. The message update is derived by evaluating how well the product g; s
matches the relation z; x+ = g; 2k which is obtained by sampling a Gaussian likelihood O(zre),

Tw., o sone (Tht) o< O(The), (29)
with
e(xkt) = CN(0|H’\I’y, ZLEE I’l’gl,k;‘I’zl k,xkt’
; o ) (30)
C\ijlwszl,lct + Cgl,k;‘llz,,,k,, ‘xkt| )

Then, all local data symbol beliefs are combined at the CPU. The message update My 0., .,
Vk,l, t > T, combines the categorical beliefs of the data symbol xj; from all APs I’ # [ and
forwards them to AP [,

LETYEL S (wre) o H T2, iTht (Zkt)- (31)
' Ul '

The updated beliefs of the variables z; ; and zx: are used to update the messages M., | e
Vk,l,t, yielding the beliefs of the auxiliary variable g; . The EP approach first generates the local
estimate of g; 1 at the factor node ¥, ,, and then removes the knowledge induced by the message

mgl,ld\llzlvkt’
Ko sgie = Renee — Rgiwils 0 (32)
’Y‘I/zlykﬁgl,k =Y — '7gl,k;\11zl‘kt’ (33)
A‘I’Zuct 8Lk Agl,kt - Agl,kQ\pzlykt . (34)

Note that (32) is computed only for the JACD-EP-BG algorithm, whereas (33) and (34) are
evaluated for both algorithms. The computation of the parameters describing the local estimate

2https://arxiv.org/abs/2405.09914
3Note that §(xy;) provides unnormalized probability values and T, i (zkt) is obtained by normalization.
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of g at Wz, e, Rg .\, Vg, and Agz,ma differs for the JACD-EP and the JACD-EP-BG
algorithm due to the different modeling of g; ;. For the JACD-EP algorithm, we compute the
Gaussian parameters

. 1 ¢ The)
l‘l'gz,kt = Z Z l"’zz kt (‘Tkt) (35)

Lkt zkaX

A 1 P(zxet) fe
C ;= . z t(xk )
8i,k Z‘I’zlym zz |93kt|2 1,k t (36)

- ~ ~H
+ Hzl,kt (‘Tkt) ’ H’Zz,m (‘Tkt)) - Hgl,kt“gl,kt7

with X = {af,} for t < T, X =Xfort> T,, and

P(Tht) = Tariw., ,, (Tkt) - 0(The), (37)
Voo @0) = Yy, e T Ve, m (38)
Azz kt (xkt) = A‘Pyl %1kt + Agz kW gt |xkt| 2 (39)

v, = D Hlaw). (40)
T €X

Note that Tani¥e, 4, (zF,) = 1 for t < T, since the pilot symbol is known a priori. Hence, the

updates for the pilot part simplify to fig, ., = f, ,, (2h,) /25, and Cg, ,, = Cy, . (2},)/|2},|2. For
the JACD-EP-BG algorithm, we compute the parameters of the local BG estimate of g; 5, as

A = )\gl’k;‘yﬂ,kt ~o(a”) (41)
81kt /\gz,k;‘l’zl,kt () + (1 — )‘gl,k;‘l’zl,kt) -6(0)’

’)A/gl,kt = ’Y\Ilylyt;zl,kt T* + Ve, ki ke (42)
Agl,kt = A\I}yl‘t;zl,kt |(£*|2 + Agl,k§\1}zl1kt7 (43)

with z* = 2%, for t < T), and
¥ = arg max ¢(xy), (44)

T €EX

for t > T,. Note that using (42) and (43) in (33) and (34), the message updates simplify to
Yo, = 'y%l‘t;zﬁkt|x*|2/x* and Ay, g, = A‘Il?fl,t;zlﬂkt|x*|27 respectively. Furthermore, note
that we deviate here from the classical EP message-passing rule by computing the local estimate
of g; 1 using the most likely symbol z* instead of averaging across all z,; € X. This is necessary
in order to prevent the Gaussian part of the resulting BG belief to be close to zero which can lead
to a high number of false alarms.

Next, the messages Mgy 10, Vk,l are updated by combining the beliefs of g; ;, from all time

slots t € {1,...,T} to generate the updated belief parameters

Keg ;W 91k E K, ket 8Lk (45)
ng,k;‘l’g,‘k = 2 :qujzlvkt;gl,k’ (46)

gl &% 4, Z Uy gt i8LE" (47)

14
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Similar as for the message MU, gk (45) is computed only for the JACD-EP-BG algorithm,
whereas (46) and (47) are evaluated for both algorithms.

The updated beliefs of g; ;, are then used to compute the local activity probabilities My, |,
Vk,l at each AP. Here, the update differs for the two proposed algorithms. The categorical belief
for the JACD-EP algorithm is computed by evaluating how well the Gaussian belief of g; ,, matches
with the prior of the channel hy ,

Ty, i (Uk) o< O (u), (48)

with

19('U,k) = CN(0|I'Lgl,k;\I’ — ﬁhl,kuk” Cgl,k;‘pglvk

. + éhl,kuk)' (49)

For the JACD-EP-BG algorithm, the activity belief incorporates both the Bernoulli and the Gaus-
sian component of the BG variable g; 1,

1-A Wy for Uk = 0
Ty g () 0 BT (50)
g1,k ¥ : ( ) or up =1

91,k

Then, for both the proposed algorithms, the CPU computes the message updates M0,

Vk,l by combining the categorical beliefs of uy from all APs I’ # [ with the prior information and
forwards them to AP [,

Ty, () o Buy () - [ o, o Cur). (51)
U2l

The belief of g; 1 is then updated in the message mw, gk Vk,l by combining the information
from the Bernoulli variable u; and the Gaussian variable h; ;. For the JACD-EP algorithm, this

is achieved by computing the local Gaussian estimate of g;, at the factor node ¥, , and then
removing the contribution of mg, ,;w,
’qugl’k§gl,k = ’?gz,k - 7gz,k;‘1’gl7k’ (52)
A\I’gl,k§gl,k = Agz,k - Agl,kﬁ\l’gl,k’ (53)
with
. 1 y
g, , = 7 uk§qjgl1k(]') ~9(1) - Hg, s (54)
91k
R 1 . oy
Cgl,k = Iz 'Wuk;\l’ghk(l) '19(1) : (Cgl,k Jr/.tgl‘k/,l/gl‘k)
Ty, (55)
- ~H
— Mg By o
and
ﬁlgz,k = ’Ygl,k;\pgl’k + ’?hz,w (56)
Agl,k = Agl,k'%\llgl,k, + Ahl,k’ (57)
Zwy, . = Tuwy,, (0)-9(0) + 7w, (1) - 9(1). (58)
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For the JACD-EP-BG algorithm, the BG belief of g; ; is given by

)\\I’gzypgl,k = ﬂ-“k;‘psz,k (1), (59)
N\I,Qlyk;gl,k = Ijl'h[);ﬁ (60)
C‘I’gl,k;gz,k = chl,k' (61)

Next, the messages mg, ,;w., , Vk,[,¢ are updated by combining the previously updated belief

of g; 1 with the contributions from all time slots t’ # ¢,

Rgi Vs py = W4, 8Lk + E :’f‘l’zl'kt, 81,k (62)
t'#£t

’ygl.k?\ljzlykt = ’Y\Ilglyk;gl,k + § :’Y\Ijzl,kt/?gl,k’ (63)
vt

Agl.kﬂljzlykt = A\Ijgl,ngl.k + E A\Ilzl,kt’ I (64)
/£t

The parameter in (62) is computed only for the JACD-EP-BG algorithm, whereas (63) and (64)
are common to both algorithms.

Lastly, the messages MY, iz Vk,l,t are updated to form the Gaussian belief of z; ;» which
will be used in the next iteration for interference cancellation. The factor node ¥, , . first computes
the local estimate of z; ;; based on the beliefs of g; , and z;; and then removes the contribution

of mzz,kt;‘I’zlka

‘Y‘I’zl,kt;zl,kt = Yz — 7¢y17t§zl‘kt’ (65)
A\I’zlvkt§zl,kt = AZl,kt - A\I/ylyt;zl’kt, (66)

with the parameters describing the local estimate of z; .,

1

ﬂzl,kt = Zl,kt Z~ ¢(xkt) : p’zl’kt (xkt)7 (67)
TRt €X
A 1 .
Czl,kt = T Z ¢(-Tkt) . (Czl,kt (‘T’Ct)
1kt 5
Tt €EX (68)

. - H . H
+ Fzy b (xkt) "Mz (‘Tkt)) T Mgy Mgy o

with X = {a},} for t < T, X = X for t > T}, and the other parameters defined in (37)-(40).
Hence, the updates for ¢ < T}, simplify to &, ,,=f,, ,,(z},) and sz,ktzézz,m(wit)-

Furthermore, to improve numerical stability and convergence, damping is applied in the up-
dating of all factor-to-variable messages using a parameter n € [0,1] as in [29,45]: the updated
parameter is a convex combination of its value from the previous iteration and the newly computed
value at the factor node. Finally, messages involving a Gaussian component are updated only if
the resulting matrix parameter is positive definite; otherwise, the corresponding parameters from
the previous iteration are retained.

5.5 Final Estimation

From the final EP messages, the approximate APP distributions of the user activities, channels,
and data are obtained as the product of all the incoming messages at the corresponding variable
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nodes. The final estimates are then given by the MAP solution of these APPs,

L
G = argmax Py, (ug) H’]T\pgl L (U (69)
u,€{0,1} ey
by, = argmax pp, , (hik) - Pw,, o (hik), (70)
h; ,€CN
L
Tpe = argmax Hml,z, Loiene (Tht) for t > T,,. (71)
Tt €X

=1

Assuming that UE k is active, the solution to (70) is Gaussian, yielding the following closed-form
estimate:

hy = Aﬁll,k%l,k, (72)
with

;yhl k = ;yhl k +’7gl k.; a1, k’ (73)

Ahl kT Ahl kT Agl 4 (74)

9,k

5.6 Computational Complexity and Scalability

In the following, we characterize the computational complexity order of the proposed algorithms
neglecting addition and subtraction costs. At the APs, the dominant computational burden for
both algorithms arises from the evaluation of the Gaussian likelihood in (30), which requires
computing the inverse and determinant of N—dimensional covariance matrices. This computation
is performed KT, times for every constellation symbol zx; € X and exhibits a complexity of
O(N?). Consequently, the per-iteration computational complexity is O(MN3KTj) at every AP.
From a network scalability perspective, the key observation is that the computational load at the
APs scales linearly with the number of UEs K. This dependency can be strongly mitigated by
pruning UEs with negligible large-scale fading coeflicients, i.e., UEs that are unlikely to contribute
meaningfully to the received signal. Such a modification reduces the effective number of UEs
processed at each AP without altering the core algorithmic structure.

The complexity at the CPU for both algorithms is mainly determined by the combination of
symbol beliefs in (31) which has a complexity order of O(LM KTy). Hence, the CPU complex-
ity scales linearly with both the number of UEs and APs, which may limit scalability in very
large networks. Nevertheless, the processing of different symbols at the CPU is fully decoupled,
enabling straightforward parallel and/or distributed implementations that can effectively remove
this scalability bottleneck.

6 Numerical Results

In this section, we evaluate the performance of the proposed EP-based JACD algorithms via
extensive Monte Carlo simulations. We consider a square network area of 500 x 500 m? comprising
L = 25 single-antenna APs, i.e., N = 1, placed on a uniform grid at the positions {(50 + -
100,50 + 5-100)m|i,5 € {0,1,2,3,4}} and a height of 10 m. The receiver noise power at each
AP is set to 02 = —96dBm. A total of K = 40 UEs are uniformly and independently placed at
random ground locations, each with an activity probability A = 0.3. An active UE transmits 7},
pilot symbols and T; = T — T}, 4-quadrature amplitude modulation (QAM) data symbols with
constant transmit power 02 = 16 dBm. The T}, columns of the pilot matrix X? are chosen from the
K x K discrete Fourier transform (DFT) matrix such that the maximum inner product between
any two different pilot sequences is minimized, thereby minimizing the mutual coherence [46].
Due to the limited pilot sequence length and number of UEs in our simulations, the optimal pilot
sequences can be found by a full search. For larger systems, optimization-based pilot designs such
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Figure 4: Performance metrics versus pilot sequence length for L =25, N =1, K =40, A = 0.3,
and T = 60.
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Figure 5: CDFs of performance metrics for L = 25, N =1, K =40, A = 0.3, T = 60, and T, = 6.

as those proposed in [38,46] would be required. The large-scale fading coefficients follow the 3GPP
urban microcell model that incorporates correlated shadow fading [47, Sec. 2.5.2]. Furthermore,
we assume a channel coherence time of 7" = 60 which corresponds to 16 ms using a subcarrier
spacing of 3.75kHz as defined in narrowband-IoT over 5G [48]. This choice aligns with the channel
coherence time of practical channels, especially low mobility use cases, and, at the same time, limits
the number of jointly processed symbols, hence, reducing overall computational complexity and
latency. In practice, the number of jointly processed symbols can be chosen arbitrarily according to
the complexity and delay requirements, provided that all processed symbols remain within the same
channel coherence interval. Note that in the simulation we implement sequentially an algorithm
that should be implemented in parallel in a distributed setting. Furthermore, the computations
within the CPU and each AP can be parallelized as well. Hence, the algorithm is still scalable even
for larger systems which are, however, not considered here for limiting the simulation complexity.

Both the JACD-EP and JACD-EP-BG algorithm use the JAC-EP algorithm from [2] for
pilot-based initialization. For benchmarking, we consider the centralized linear MMSE MIMO
detector [25] using (1) imperfect activity and channel information obtained from the JAC-EP al-
gorithm and (2) genie-aided perfect activity and channel knowledge. Additionally, we consider
the genie-aided MMSE channel estimator with perfectly known data symbols and the bilinear-EP
algorithm [30] with perfect UE activity knowledge and pilot-based MMSE channel estimation ini-
tialization as performance upper bounds. All the iterative EP-based algorithms employ a damping
parameter of n = 0.5 and perform 20 iterations.

The performance is assessed in terms of the detection error rate (DER) for UE activity detection,
the normalized mean squared error (NMSE) for channel estimation, and the symbol error rate
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(SER) for data detection. The performance metrics are averaged across all UEs. The DER, which
incorporates misdetections and false alarms, is computed as DER = E{}", 1,, 24, /K}, the NMSE
E{|IG-G1%}

of the channel estimate G = HU is defined as NMSE := “EHIGEY with G = HU, and the SER
F

is given by SER := E{Zk Dot Lag zaa [(KTg) |w, = 1}. Note that as active UEs are erroneously
classified as inactive, the corresponding data symbol estimates are randomly chosen from the
symbol constellation &X', leading to a higher SER in case of misdetections. The expectation operator
in the definitions above is computed with respect to the UE activity, channel, and noise realizations.
The results in Fig. 4 are obtained by averaging over 10? block transmissions, each with independent
UE positions and activities. Fig. 4 illustrates the three performance metrics as a function of the
pilot sequence length T},, which reflects the strength of PC. The proposed algorithms outperform
the JAC-EP initialization algorithm in terms of DER and NMSE. The DER performance enhances
steadily with increasing T),, whereas the NMSE performance saturates and approaches the MMSE
lower bound for 7}, > 6 due to the fixed coherence block length 7' = 60. Furthermore, the
proposed EP-based algorithms significantly outperform the linear MMSE MIMO detector in terms
of the SER. The proposed algorithms reach the same performance and even outperform the genie-
aided linear MMSE MIMO detector with perfect activity and channel knowledge for 7}, > 6. A
noticeable performance gap remains with respect to the genie-aided bilinear-EP algorithm due
to the challenging UE activity detection under PC. Hence, we can conclude that the overall
system performance is limited by the activity detection capability. Furthermore, the JACD-EP-BG
algorithm outperforms the JACD-EP algorithm for small 7}, which corresponds to strong PC.
Next, we investigate the quality of service (QoS) distribution within the network by evaluating
the empirical cumulative distribution functions (CDFs) of the DER, NMSE, and SER in Fig. 5. The
s o12
three metrics are computed per UE, i.e., DERy = E{L,, 24, }, NMSE; = E{”E?ﬁ%;ﬁ;]”} with g
and g, being the k" column of G and G, respectively, and SERy, = E{Et ﬂzﬁtiiﬁt/Td | ug, = 1}.
The CDFs are obtained by considering 100 different realizations of the UE positions, resulting in
100 - K = 4000 data points. For each realization, the metrics are averaged over 10® independent
block transmissions, accounting for UE activity, small-scale fading, and noise realizations. Pilot
sequences of length T}, = 6 are used. Fig. 5 shows again the superior performance of the proposed
algorithms. Furthermore, it can be observed that the JACD-EP-BG algorithm outperforms the
JACD-EP algorithm, especially for UEs experiencing good propagation conditions.

7 Further Performance Analysis

In this section, we further investigate the performance under PC and how to reduce the fronthaul
load for the EP-based JACD algorithms. We focus on the JACD-EP algorithm. Similar results can
be obtained for the JACD-EP-BG algorithm. We investigate the performance under stronger PC
compared to the simulations presented Section 6 by employing randomly generated pilot sequences
instead of mutual coherence-optimized pilot sequences. Furthermore, in order to control the level
of PC, we introduce a minimum distance constraint between UEs. The fronthaul load is reduced
by performing multiple local iterations at the APs before sharing information with the CPU via
the fronthaul. Additionally, a new scheduling scheme for the message passing is investigated. More
details on these approaches are provided in the following.

7.1 Simulations with Randomly Generated Pilot Sequences [2]

We consider a network of size 400 x 400 m with L = 16 APs placed on a regular grid at the following
positions {(50+4100, 50+ 5-100) m |4, j € {0, 1,2,3}} and a height of 10 m. On the ground, K = 16
UEs are deployed according to a uniform point process (UPP). We consider 100 different outcomes
of the UPP. For each UPP outcome, the large-scale fading coefficients are deterministic and
computed according to the 3GPP urban microcell model [25] whereas for the random variables,
i.e., small-scale fading coefficients, activities, and pilot sequences, we generate 103 realizations.
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Figure 6: Numerical results for L = 16, N = 1, K = 16, A = 0.5, T, = 8, T; = {10, 30}, and
random BPSK pilots.

This allows us to analyze the QoS distribution in the network. The activity probability of all
users is set to A = 0.5, and the transmit power is 02 = 16dBm. Furthermore, random binary
phase-shift-keying (BPSK) pilot sequences of length T, = 8 are utilized and T, = {10, 30} 4-QAM
symbols are transmitted during the data transmission phase. The noise power at each AP is

set to 02 = —96dBm. As benchmark schemes, we consider the centralized linear MMSE data

detector and the Gaussian belief propagation (GaBP) algorithm in [38]. Both of these schemes are
initialized by the multiple measurement vector AMP (MMV-AMP) algorithm in [14]. Besides, we
consider the genie-aided centralized linear MMSE detector with perfect UE activity and channel
knowledge. For all iterative algorithms, the damping parameter is n = 0.5. Furthermore, the
maximum number of iterations for the MMV-AMP algorithm is set to 200, whereas the GaBP-
and EP-based algorithms perform 20 iterations.

For assessing the user activity detection, channel estimation, and data detection performance,
we consider the empirical CDFs of the DER, the NMSE, and the SER, respectively. The empirical
CDFs are obtained considering all UEs in each UPP outcome whereas DER, NMSE, and SER
are computed by averaging over the 103 small-scale fading and UE activity realizations generated
for each UPP outcome. The DER is defined as the ratio of the number of erroneously classified
UE activities and the total number of UE activity realizations, i.e., DER = E{lg, £y, }, and
includes both misdetections and false alarms. The corresponding simulation results are illustrated
in Fig. 6a. The NMSE and SER are considered naturally for active users only, i.e., NMSE :=

E{W | up = 1}, SER = E{1ls,, e, | vk = 1,t > T,}. Furthermore, in the computation of
the NMSE, we neglect weak channels, i.e., channels whose large-scale fading coefficient multiplied
by the transmit power is smaller than the noise power at the APs, to avoid taking into account
errors on weak and insignificant channels. The channel estimation and data detection performance
is depicted in Figs. 6b and 6c¢, respectively. The results illustrate the advantages of using jointly
pilot and data sequences for both data and activity detection and the superior performance of
the JACD-EP algorithm compared to state-of-the-art benchmark schemes. Furthermore, it can
be observed that an increase of the data length improves the performance with respect to all
considered metrics.

7.2 Minimum User Distance Constraint

PC occurs due to the use of non-orthogonal pilot sequences. The level of PC is determined by
the correlation between the different pilot sequences. However, in a distributed architecture as
in CF-MaMIMO networks, the level of PC also depends on the distance between APs and UEs.
Two UEs which are close to each other will cause strong interference, resulting in strong PC.
In the following, we investigate how the geographical distance between UEs affect the system
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Figure 7: Network realization with different minimum UE distance constraints d.
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performance. For this, we introduce a minimum UE separation distance d, i.e., two UEs are
always at least d meters apart from each other. This is illustrated in Fig. 7 for three different
values of d € {0,40,80} m. Here, the network area of 400 x 400m is shown with the AP and UE
positions. The circles around the UEs visualizes the minimum UE distance constraint.

In the following, the same simulation parameters are considered as in Section 7.1 except that
T =26 and T}, € {8,16} depending on the scenario with and without PC, respectively. For T,, = 8,
random BPSK pilot sequences are transmitted by the UEs, whereas for T,, = 16 orthogonal pilot
sequences are used. The minimum UE distance constraint is set to d € {0,40,80} m. Figs. 8, 9,
and 10 show the effect of the user distance constraints on the system performance. In scenarios
without PC, the performance remains consistent regardless of the user distance. However, in sys-
tems affected by PC, increasing the distance between users leads to an improvement in performance
for both algorithms. This shows the effective exploitation of geographical UE separation in the
JACD-EP algorithm for pilot decontamination.

7.3 Reduced Fronthaul Load

Distributed signal processing algorithms in CF-MaMIMO systems aim to enable scalability and re-
duce the computational load on the CPU by allowing APs to locally process received signals before
forwarding information to the CPU. However, this approach presents significant challenges. A ma-
jor issue is the frequent usage of fronthaul links, as messages are iteratively exchanged between the
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APs and the CPU for JACD via the JACD-EP algorithm. This iterative communication increases
fronthaul load, particularly when many iterations are needed for improved performance. Hence,
developing efficient scheduling strategies that optimize the balance between local and centralized
processing is crucial for addressing these issues and ensuring the scalability and practicality of
CF-MaMIMO for future wireless networks.

The proposed modified scheduling the JACD-EP algorithm introduces an alternative fronthaul
communication strategy to reduce the fronthaul load by selectively enabling message exchanges
between APs and the CPU. In the original JACD-EP algorithm, fronthaul communication occurs
during every EP iteration, i.e., the number of fronthaul uses ng, is equal to the number of EP
iterations imax, which can be demanding in terms of fronthaul capacity. The proposed strategy
reduces the fronthaul load by allowing fronthaul communication only at specific EP iterations,
determined by the scheduling rule

round (z Zmax) , 1e€{1,2,...,nm}. (75)
Nk

In this modified framework, the scheduling of messages the my.  :, and my, o, (from APs

to CPU) and My Vs, i (from CPU to APs) is adjusted. When the fronthaul

communication is disabled, updated information is not exchanged; instead, the algorithm relies on

values from the previous iteration. This selective communication reduces computational complexity

and My, v
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at the CPU and fronthaul usage while maintaining effective iterative refinement of activity, channel,
and data estimates, ensuring a balance between system performance and efficiency.

For the following simulations, the same parameters are used as in Section 7.1 with a different
number of data symbols Ty = 14 and random BPSK pilot sequences of length 7}, = 4. Further-
more, we set the number of EP iterations to i, = 30 and vary the number of fronthaul uses ng,.
The simulation results are shown in Figs. 11, 12, and 13. The JACD-EP algorithm outperforms
the centralized MMSE data detector, even with a small number of fronthaul uses since the MMSE
data detector relies solely on the initial channel estimates for data detection, while JACD-EP re-
fines estimates through iterative processing. Furthermore, it can be observed that the JACD-EP
algorithm with ng, = 10 fronthaul uses already performs as good as with exhaustive fronthaul com-
munication ng, = imax = 30, i.e., reducing the fronthaul load by 67 % with negligible performance
degradation. This shows the efficacy of the proposed fronthaul scheduling scheme and the general
possibility to reduce the fronthaul load for iterative distributed algorithms.

Finally, we consider a new scheduling scheme that addresses the sequential updating of M, | e
and mw, . So far, first, each AP sends data symbol information to the CPU, then receives
updated data symbol information from the CPU, and subsequently uses this updated information
to compute new beliefs about user activities, which are then shared with the CPU. This sequential
scheduling results in two fronthaul transmissions per iteration, increasing latency and communica-
tion overhead. To optimize the process, it is necessary to develop a more efficient scheduling scheme
that enables the computation of message updates with only a single fronthaul transmission per
iteration, thereby reducing the communication cost and improving system efficiency. To optimize
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this scheduling in the JACD-EP algorithm, the transmission of beliefs on data symbols and user
activities is modified to occur simultaneously. The revised scheduling addresses this inefficiency by
forwarding the beliefs on data symbols (message update #2) and user activities (message update
#6) from the APs to the CPU at the same time. Similarly, the information transfer from the CPU
back to the APs (message updates #3 and #7) is performed simultaneously. The new message
update scheduling is given by 1 =4 -5 -2 -6 -3 - 7 — 8 — 9 — 10 where the number
describes the message update shown in Fig. 3 as red number. The corresponding simulation results
did not show significant performance changes compared to the original scheduling, hence, we do
not show these plots here. This means that the algorithm with the new scheduling attains the
same performance as illustrated in Figs. 11, 12, and 13. Hence, we can conclude that we do not
loose in performance by deviating from the sequential updating of my and M, | which
results in a lower fronthaul overhead.

2y gt Tkt

8 Conclusion

In this Task 4.2, we considered the uplink of a GF-CF-MaMIMO system and tackled the JACD
problem for massive MTC under PC. We developed an EP-based framework for distributed and
scalable JACD by appropriately factorizing the APP distribution and applying EP message passing
on the associated factor graph. Within this framework, we employed accurate categorical prob-
ability distributions for user activities and data, and Gaussian or BG probability distributions
for the channels, resulting in the JACD-EP and the JACD-EP-BG algorithms, respectively. To
support the latter, we developed an exponential family representation of the BG distribution. The
proposed framework is inherently scalable with respect to both the number of APs and UEs. The
message-passing structure enables straightforward extensions toward fully distributed implementa-
tions, while the computational complexity at each AP scales linearly with the number of UEs in its
coverage area. The numerical results showed that the proposed algorithms exhibit strong robust-
ness against PC and outperform state-of-the-art algorithms in terms of DER, NMSE, and SER.
Then, we further analyzed the performance of the proposed bilinear-EP algorithm under randomly
generated pilot sequences, which results in stronger PC, minimum UE distance constraints, which
makes the level of PC in the network controllable to some extent, and under reduced fronthaul
capabilities. The results showed that the algorithm performs effective pilot decontamination under
different levels of PC and that a reduction of the fronthaul load and overhead is feasible with
negligible performance degradation.
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A  Proof of the Bernoulli-Gaussian Product Lemma

Using the exponential family representation of BG distributions, BG(x|A;, ;, C;)
= e”gG«i“BG(")_ABG("BGJ‘)7 i = {1,2}, the product of two BG distributions is given by

Bg(xl)\lv M, Cl) : Bg(x|)‘2a Mo, C2)
— e("BG,l"F’IBG,z)HUBG(X)—ABG(”IBG,1+’TBG,2)
. eABG(nBG,l+nBG,2)_ABG(nBG,1)_ABG(nBG,Q)
_ Bg(x|/\’ I, C) . eABG(”IBG,1+TIBG,2)*ABG(TIBGJ)*ABG(”IBG,Q)_ (76)
The first factor in (76) is a normalized BG distribution with vector of natural parameters npq =
NMBG,1 + Mg 2, OF equivalently, kK = k1 + K2, ¥ = ¥; + Y3, and A = Ay + Ao, From « and A, the
covariance matrix and mean of the Gaussian component in (11) and (12), respectively, immediately

follows. Recall that Ag(ng) = logm = log m. Now, using the Gaussian product
lemma and denoting g = 1 1 + 7g 2, the first natural parameter can be rewritten as

K =K1+ Ko

1o ((1—)\1)(1—&). 1 )

- Mo CN (0, C1) CN (01, Cs)
(1T =A)(1—=X2)

= 1°g< Mo

1
" CN(0]p, C)CN (O], — py, C1 + Cz))

A (-A) i
- log( A CN(0|N1—N2,01+02))

+ Ac(ng),

(77)

1

where C and p are given by (11) and (12), respectively. Using the relation A = TroAcma)

together with (77) yields (10). Noting that e4Bc(8c) = eAc(c)—logA — eAc(na) . 3= W
and applying the Gaussian product lemma and (10), it can be shown that the normalization

constant for the BG product given in (76) is equal to the normalization constant stated in (9).

B JAC-EP Initialization Algorithm [2]

The JAC-EP algorithm can be obtained by running the JACD-EP algorithm for the pilot part only,
i.e., for t <T,, with priors py, (ux) and py, , (hy ). However, since we do not have to estimate the
symbols x; during initialization, the factorization of the APP and the corresponding factor graph
and algorithm simplify. In the following, we describe the simplified JAC-EP algorithm in more
detail. We use the same system model and notation as in the main body of this document except
that we only consider signals in the pilot phase, i.e., 1 <t < Tj,.

B.1 Factor Graph Representation

The task of the JAC-EP algorithm is to find initial estimates on the user activities and channels.
Hence, the factorized APP distribution with auxiliary variables g; 1 := h; yus is given by

Ty

K
parp(U, H, G) « H H H [P(YI,t|gl,1,~~,gl,K) (81 khy ks uk) - Puy (k) 'Ph,,,k(hl,k)] (78)
I=1k=11=1

~+
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Figure 14: Factor graph for JAC-EP. The numbered red dashed arrows show the flow of infor-
mation according to the scheduling presented in Algorithm 2. Each number corresponds to one
message update in Algorithm 2.

In contrast to (13), the auxiliary variables z; j; are irrelevant since the pilot symbols xzy: are
assumed to be known. The probability distributions in (78) are given by

Uy, = p(yiilgi1, 8LK) = CN()’z,t

K
Z 81,k Tkt U?JN) : (79)

k=1
Wy = Duy (uk) =(1- )\)]luk:() + ALy, =1, (80)
Why = Phy (i) = CN (hyi]0, 20 k) (81)

and Wy, = p(gklhyr, ur) is given in (16). The corresponding factor graph is illustrated in
Fig. 14.

B.2 EP Approximations and Fronthaul Load

We choose the same approximate exponential family distributions for the variable nodes as in the
JACD-EP algorithm, i.e., activities up are modeled by categorical distributions whereas auxil-
iary variables g; , and channels h; ; are modeled by multivariate complex Gaussian distributions.
Therefore, messages from and towards uy consist of one probability value which yields a fronthaul
load of 2L K real-valued numbers. Messages involving g; » and hy ;, consist of complex-valued vec-
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Algorithm 2 JAC-EP Algorithm
2

Input: Pilot matrix XP?, received pilot signal Y?, noise variance o;,, user activity probability A,
channel correlation matrices Zj .
Output: Estimated activities @ and channels fll,k.
1 Vk,l,t < Tp: Initialize my, g , and mg, v,  via (82), (83).
2: for i = 1 to ipax do
3 Vk, It <Tp: Update my, g, via (90), (91)/(92).
: Vk,l: Update mg, ,.v, via (94), (95).

Lk

91,k

4

5: Vk,I: Update my,, v, via (96).

6:  Vk,l: Update my,;w,, , via (93).

7. Vk,l: Update my,, g, via (97), (98).

8 Vk,l,t <Tp,: Update mg, ., , via (88), (89).
9: end for

10: return y, calculated via (84) Vk.

11: return hy calculated via (85) Vk, .

tors and matrices of dimension N and N x N, respectively, which do not contribute to the fronthaul
load since they are only processed within an AP.

B.3 Initialization, Scheduling, and Estimation

As indicated in Appendix B.1, the prior distributions p,, (ux) and p,, , (hy 1) are used for initializing
the JAC-EP algorithm. The initial mean vector and covariance matrix of my, g, , and mg, ;v
Vk,l,t <T, are set according to the prior information on g; x,

Yt

”"l’gl,k;gl‘k = Mg 0y, , = 0, (82)

l,t
Cy = Cqg i, = A B (83)

)

91,k 8Lk

For all other messages, an uninformative initialization is chosen. Then, we update all the messages
according to the scheduling given in Algorithm 2 which is illustrated in Fig. 14 as red dashed
arrows. Finally, the estimates of the user activities and channels are computed by

dy, = argmax Py, (uk), (84)
’U,kG{O}l}
. A 1 )
h; ; = argmax pu, , (hix) = My, L)L) f g, (85)
hy ,€CN Lk ‘

with the approximations of the posterior distributions

M=

puk (uk) X Puy, (uk) : W‘Pgl‘k;uk (uk)7 (86)
=1
Phy i (hi ) o<y, (hi ) 'CN(hl,k\N\ygl,k;hl,wngl,k;hz,k> : (87)
and Wuk;q/gl,k(uk), Hur), ks Ziks Ty, s (Uk), By, o 80d Cy, oy, defined in Appendix B.4.

As in the JACD-EP algorithm, we apply damping to the factor-to-variable messages with
damping parameter 7 € [0,1] Furthermore, we update the parameters of my, g, inline 7 of
Algorithm 2 only if the new covariance matrix obtained by (97) is symmetric positive definite.

Otherwise, we keep the parameters from the previous iteration.
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B.4 Message-Passing Update Rules

In this section, we present the EP message-passing update rules for the factor graph in Fig. 14.
Detailed derivations are omitted since they are very similar to the ones presented in Appendix D.
As in the description of the JACD-EP algorithm, we switch between the representation of a Gaus-
sian via the mean vector and covariance matrix and the natural parameters without explicitly
mentioning the transformation.

Update of mg, v

Yt

Agz,k;‘llyl)t = A‘Ifg,,k;gz,k + E A\Pylﬁtﬁgl,k' (88)
£t
’Ygl,k?\l’yl,t = 7‘I’gl’k‘~,gz,k + 2 :’Yq,yl,t/ 8L,k (89)
£t
Update of M, g,
_ _ -1
“\I'yz,ﬁghk = | Yut Z ng,k/%‘l’yl,txk/t Lt (90)
k' #k
_ 2 2 -2
C\I}ylyﬁgl,k =|onInv + E Cgl,k/;wyl=t|xk’t| age] T (91)
k' #k

Note that the modification for PC described in Section B.5 can be used to enhance the performance
of the JAC-EP algorithm. The update in (91) is then given by

Cu,, sgn = | o0y + Z B elah,? + Z Cq, v, Jewel® | o] 72 (92)
k' €Py k'#k
Update of My, -
7'ru;€;\llgl,,C (uk) X Puy, (uk) . H T(\Ilgzl.k;uk (uk)v (93)
11 '
Update of Mgy i, , 7
TP
Agl,k?‘l’glvk = ZA\I’yl)t§gl,k7 (94)
t=1
TP
7gz,k;‘1’glyk = Z’Y‘I’yl,t;gz,k' (95)
t=1
Update of My,
71'\I/gl,]c;u;C (uk) X ﬁ(”k): (96)
with
P(ur) = CN(Olpg, v, , » Caipivy, F Erkur)-
Update of M, | g’
A, g = Ak — Mgy, (97)
’-Yqjgly;wgl,k = ‘A)/l,k - 7gl,k§\1/glyk7 (98)
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with

1 -
MKy = E.Truk?\pgz,k(l) : 19(1) IR

Cii = Tugwy, (1) - 9(1) - (Cop+ B i) = B i g

1
21k

Zik = Tuw,, , (0) - 9(0) + Tusw,, (1) - 9(1)

o s
Ak = Ag v, + B4,

)

7l,k = ’Ygl,k;\ygl,k .

B.5 Modification for Pilot Contamination

Since the number of UEs is larger than the pilot sequence length, PC will naturally occur and
degrade the performance. In the following, we propose a simple heuristic approach to account for
PC. The efficacy of the proposed approach was verified via simulations.

The adverse effect of PC is particularly pronounced for UEs that share fully-correlated pilot
sequences, i.e., the same pilot sequence or a rotated version of it, and are close to each other. For
these cases, we propose to add a correction term to the covariance matrix in (28) for ¢ < T, when
generating the prior information via the pilot-based JAC-EP initialization algorithm. We denote
the set of UEs which use fully-correlated pilot sequences with respect to UE &k by P;. By adding
the covariance matrix of the received signals from UEs in Py which cause PC to UE k at AP [
to the covariance matrix in (28), we decrease the reliability of information coming from the factor
node ¥,, , especially when pilot-sharing users are close to the considered AP. Then, the covariance
matrix with the correction term is given by

_ 2 —_ P |2
C‘I’yl,tézz,kt =0,y + E : “l,k|xk’t| + E : C\I/zhk/t?zl,k’t' (99)
K €Py k' £k

C Properties of Gaussian Distributions

Lemma 1 (Gaussian Product Lemma). The product of two Gaussian distributions yields a new
unnormalized Gaussian distribution,

CN(x|py, C1) - CN (x|py, C2) = CN(x|pt, C) - CN(O|p1y — py, C1 + Cs) (100)
with
c=(cr'+c) 7, (101)
p=C(Cilu +Cylp,). (102)
Proof. See [45,49]. O

Lemma 2 (Gaussian Quotient Lemma). The quotient of two Gaussian distributions yields a new
unnormalized Gaussian distribution,

CN (xpy, C1) /CN (x| 3, C2) o CN' (x|, C) (103)

with
c=(ci'-¢c;h) (104)
p=C(Ci'p —Cyluy). (105)

Proof. Follows from Lemma 1 by considering CA (x|, C1) o< CN (x|, C) - CN (x|pto, Ca). O
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Lemma 3 (Gaussian Scaling Lemma). Let x € CV be a proper N-dimensional complex Gaussian
random vector, x ~ CN(x|u,C), and let y = cx with ¢ being a scalar constant. Then, y is a
proper compler Gaussian random vector with mean cp and covariance matriz |c|> C, i.e., y ~
CN(y|cm,|c|* C). Additionally, its PDF can be written in terms of the PDF of x as

CN(y|ep,[e?C) = |2V -CN (¢ y|p, C). (106)

Proof. This lemma can be proven by applying the rules for transformations of random variables [50].
O

D Derivation of Message-Passing Update Rules

In the following, we briefly present the general message-passing update rules for EP on graphs.
Next, we derive the message-passing rules for the JACD-EP-BG algorithm presented in Section 5.4.
For brevity, we focus on factor-to-variable messages. Variable-to-factor messages can be easily de-
rived by using the corresponding general EP message-passing update rule in (107) and the fact
that (107) is applied to exponential family distributions, which makes the computation of prod-
ucts straightforward. Detailed derivations of the message-passing rules utilized in the JACD-EP
algorithm can be found in the extended version of [2].

D.1 Expectation Propagation on Graphs

Consider a factor graph with factor nodes ¥, and variable nodes xg. Let x, be the vector
containing all variables connected to ¥,. Let N denote the set of neighboring factor node indices
of xg, i.e., N3 = {a|x3 C xo}. The variable-to-factor message My, is obtained by computing
the parameters of the following distribution,

Pxp;¥q (XB) X H Py iixs (XB)- (107)
o’ €Ng\a

The factor-to-variable message my,, x, is computed by determining the parameters of

proj {q\lla;xﬁ (Xﬂ)}

Pwixs (X5) X : (108)
7 Pxg;0, (Xﬁ)
where the distribution qy,,.x,(xs) is given by
1
Quaixs (Xp) = 7 Va(xa) H Dxgr0q (xg/) dxa \xg. (109)
L\ B'ENg

The distribution gy, ;x;(xs) is also referred to as the local belief of x5 at the factor node ¥,,. Here,
Zy, is a normalization constant and N, denotes the set of neighboring variable node indices of ¥,
i.e, Ny = {f|x3 C Xq}. Furthermore, proj{-} denotes the projection onto the chosen exponential
family defined as

proj{f(x)} = arg min D 1,(f(%)[|9(x)), (110)

g(x)eF

where Dy (f(x)||g(x)) is the Kullback-Leibler (KL) divergence between f and g and F is the
exponential family with sufficient statistics u(x). This minimization is performed by moment
matching,

Egx{ux)} = By {u(x)}. (111)
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Once message passing converges, the approximate posterior distribution py,(xg) of the variable
xg can be computed via

By (x5) o [ Pwaes (x5)- (112)
aENg

D.2 JACD-EP Algorithm
Message Updates for Leaf Nodes ¥, , ¥y, ,, and ¥

Tkt

Since the prior distributions pu,, (ux), Pn, ,, (hix), and p.(zx:) are in the same exponential family
as the approximate distributions of uy, h;y, and xx, respectively, the corresponding message
updates simplify significantly. The factor-to-variable messages are constant and consist of the
prior information on the variables uy, h; j, and zj; which correspond to the distributions

pllluk;uk (uk) :ﬁuk (Uk), (113)
Py, b (i) = B, (hug), (114)
p\l’mkt§wkt(mkt) :pw(mkt>- (115)

This result is obtained by applying the message-passing rule in (108) while taking into account
the fact that exponential family distributions are closed under multiplication. This makes the
projection operation in (108) superfluous. Hence, the distributions corresponding to the updated
messages are directly given by the factors W, , Wy, ,, and Wy, , respectively, which correspond to
the priors according to (17)-(19). The variable-to-factor messages for the leaf nodes are irrelevant
in the unfolding of the algorithm and omitted here.

Message Updates for ¥, ,

Incoming messages to factor node ¥, ,

Pz iy, , (ZLkt) = Du., iz (ZUke)- (116)

Outgoing messages from factor node ¥, ,

Message Update for my, .z ,,

proj {Q‘I’ylyt B ket (Zl,kt)}

pzl,kt;\l’yl)t (Zl,kt)

Pwy, sk (ZLke) (117)
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with

q\I/yl 1381kt Zl kt)

/ /CN<Ylt
(@)
pzl k}ty‘llyl ‘ Zl kt / /CN Z] |t

. H CN(Zl,k/t

k' #k

(®)
= Paiiy, , (Zikt) / /CN 21,17t Wnps Comp) d21 1t

2
Zl7k’t>UnIN> Pai 0y, , (Zikt) - H Py ¥y, , (Zikrt) dZi ke
k=1 KAk

Yit— E 1 g1, 02 In
k/#k//

C\I/z ?zl,lc’t,) dzl,k’t

\le,k/ﬁzl,k’t’ Lkt

2
CN[Olyre = Y 2w — o, iz OnIN T Cws i,
kl#k”
H CN(Zl,k't ”‘I’z,,k/,jzz,k't’C‘I’zl,kmzl‘k't) dzy ke
k' #{k .k}
© (z CN 7 oy + o2Iy +C
Dz ks ¥y, , Lkt) Yit Lit T B, sz OniN Wey 2RI
K’ ¢{k”} '
H CN(Zz,k/t P, e, v Cu. ) dz k¢
k' #{k k" }
— Z 2 Z
- pzl,kt?‘l’yl‘t (zl,kt) : CN Z) ket yl,t - “\I}zl k,t;zl,k/panIN + C\I’zl,k’t;zl,k/t ) (118)
k' #k ' k' #k

where (a) is obtained by a basic transformation of the Gaussian distribution and using (116), (b)
is obtained by the Gaussian product rule (100) with py = yis — > 4 Zikre, Mo = By
Lkt
C; = 021y, and Cy = C‘I’zl,kwt?zlﬂk”t which yields Cypp and pay,,, according to (101) and (102),
respectively, and (c) is obtained by integrating over z; 5, and applying a basic transformation of

the Gaussian distribution. The final result in (118) is obtained by repeatedly applying the above
described steps for all &' # k. Since p,, ,,.v,, , (Z1,kt) is Gaussian distributed, we can conclude by

12y gt

utilizing the Gaussian product lemma that Quy, iz e (z1 kt) is Gaussian distributed as well. Hence,
the projection operation in (117) is superfluous since it projects Qw,, 0 (z1,¢) onto a Gaussian
distribution which is the EP exponential family approximation choice of z; ;. Therefore, the
denominator of (117) cancels with the first term in (118), and the final message update rule is
given by the distribution

Py, iz ke (Z1,kt) = CN(Zz,ktW\pyu;le, C‘I’yl,t;Zz,m> , (119)
with
B, e = V00T D B (120)
K #k
Cu,, mwe =0 Iv + Y Cuo | ay, (121)
k' Ak
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Message Updates for ¥

2l,kt

Incoming messages to factor node ¥, ,,

DPaye; 0z, (Tht) o P, swh (Tkt) - lelle,,kt;xkt (Tkt),

U1
o [T po., | son(@ne)s (122)
£l '
Dz 1592, (Zl,kt> =Puy, im0k (Zl,kt)7 (123)
P asv, ,, (8k) < Pw,, g (k) - [ Po., e (810)
t'#£t '
o CN(gl’klygz,k;‘I'zlykt ) ng,k;q'zl,kt> ) (124)
with
-1
— -1 —1
Cgl,k?\ljzl.m - C\I’gl,k?gl,k + Z C‘llzl.kt, 8L,k ) (125)
t/ £t ’
— -1 1
Mg, v, . = Canv.,,, (C@gl,k;gl,ku@gl,k;glvk +DC8l Mw), (126)
t/#t ’ '

which is obtained by applying the Gaussian product lemma multiple times. The update in (122)
is obtained by noticing that pw,, sy, (k) (115) is uninformative according to (19) for ¢ > T},.

Outgoing messages from factor node \I’Zz,m

Message Update for my

2] gLkt

proj{av., e (210)}

Days; 02 (mkt)

; (127)

pq}zz,kt Tkt (gjkt) X
with

Qu., o (Tht) O<//5(Zl,kt—gl,k$kt) Doy, (Tht) Do gsvs, ,, (ZLke)

Pe sV, y, (8LK) 21kt Ak

(a)
= Pawiv., ,, (Tht) - /pzl,u;%l,kt (81.kTkt) - Peisvs, ,, (8LK) dBLE

(b)
= pxkt;‘l’zl,k,t (Ikt) ' CN gl,kxkt“l’\llyl 3Bkt C\I/y“;Zz,k-t

'CN(glvkmgz,k;‘P

(@ —
= pﬂ?kt;\l’zl'kt (xkt) : / |$kt| N : CN(gl,kl”tmp7 Ctmp)

Cgl,k;q/zlykt ) dgl,k

21kt

_1 _9
. CN(O|N\I/yl.t;zl,ktxkt Mg v C\I’yl)t§zl,kt|l‘k7t| + Cgl,k§\1’zl=kt) dgl,’f

21kt
= Py 0y, (ke) - a2

. CN(O|M\Pyl‘t§zl,ktl‘kt — Mgy v C\I’J/Lt?zl,kt |zt~ + Cgl,k;‘l’zlkt)

2kt

= Paresve, ,, (Tkt) - 0(Tkt), (128)
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where (a) is obtained by the sifting property of the Dirac delta function [51], (b) is obtained by
using (123), and (c) is obtained by utilizing the Gaussian scaling lemma on CA gz,kxktlu% R
C‘I’ylyﬁzl,kt

— —2 —
C = C\I’yl_t?zl,kt|xkt| ; and Gy = Cg, 0

) and then the Gaussian product lemma with p; = pg =, Ma:,;tl, Mo = Mg, 0

IR 2kt

< Which yields Cyimp and gy, according to (101)

and (102), respectively. The final result in (178) is obtained by applying the Gaussian scaling
lemma once again with

e(xkt) = CN(OIH‘I’yM;Zl,m - 'u’gz,k;‘lf Lkt C‘I’yl,t§zl,kt + Cgl,lﬁq’zl'kt |xkt|2) . (129)

21kt

Evaluating (178) at xg, € X for t > T), yields a categorical distribution for gy (zkt). Hence,

2] gt Tkt
the projection operation in (127) is superfluous since it projects qu., k,;zm(wkt) onto a categorical
distribution, and the denominator of (127) cancels with the first term in (178). Thus, the final

message update rule is given by the distribution
Py o () o O, (130)

Message Update for my

2 gt 2Lkt

proj {q\I’zlykt 21kt (Zl,kt)}

Pw : Z) kt) X 131
21kt zl,kt( t Par e, (Zl,kt) ( )
with
V., 5210t (Zl,kt)
x 2/5(Zz,kt — 8LkTkt) * Parive, ,, (Tht) Do, ,, (Bike) - Peiivs, ,, (81k) d8LE
Tkt
(a) —oN Z] kt
S kel N pars, ,, (@) Py, Bk - P, (z )
— kt
= szkt;\lle,kt (Tkt) 'CN<Zl,kt|ﬂxyzl,M;zl,kt (Tkt), C\le,kt;zz,kt(xkt)) 0(@ke), (132)

Tkt

where (a) is obtained by applying the scaling and sifting property of the Dirac delta function [51]
and using (123). The final result in (189) is obtained by the Gaussian scaling and product lemma
with 6(zy) given in (129) and

-1
Cuy s @) = (CF] o+ Calio, ol ™) (133)

y,¢ 8Lkt 81,k ¥ 2 1y

. - 1 -1 Tkt
H‘I'zl.m;zl»kt(xkt) B C\I/zl=kt;ZZ’kt (Ikt) (C\I/yz,t9zl~kf'u\1lyl,t?zlvkt + Cglvkﬁ‘l'zl,m uglvk;q}zz,kt |$kt|2> . (134)

The normalization constant for qu_, .z ,,(21kt) is given by

Zy.,,, = /szkt;\bzl,m (@kt) 'CN(Zl,ktm\p%;zl,kt(xkt%szl,m;zl,m(mkt)) “O(xe) dzi e

Tkt

= prm;\lle‘m (zkt) - O(ke)- (135)

Tkt
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According to (189), qu (z1 kt) is a Gaussian mixture with mean vector and covariance matrix

2z gt 2Lkt
N 1 y
I’L\I/zhkt§zl,kt = Zq; prk't?‘l’ﬂ,kt (Cth) ~9(117kt) . szlykt?zl,kt(xkt)7 (136)
Zl,kt Tkt
- 1 .
Cupime = = Y Do, (@he) - One) - (C\Ile,k,,;zz,m(fﬂkt)
\Ilzl,kt Tkt (137)

H " H
+“\I/zl’kt;zl,kt(xkt)uqlzl,kﬁzl,kt({L‘kt>) _N\I’zl,kt§zl,ktu‘l"zl7kt;Zl,kt'

Note that in the pilot phase for ¢ < T, the transmitted symbol zf, is already known. Hence,

‘I\le’kt;Zz,m(Zl,kt) reduces to a Gaussian distribution for ¢ < T}, with mean vector P, o =

~ p . . ~ _ p
P, iz («},) and covariance matrix Cy = C\Ilzl)kt;zum («};). The final message update

2y gt 2Lkt
can be computed according to (131) using moment matching to find the projected distribution and
the Gaussian quotient lemma,

pq’zlykﬁzl,kt(zl»kt) = CN<Z17kt|H\IJZLM;zlYMa C'I’zL,m?zl‘kt> s (138)
with
A—1 1 -1
C‘I'zl.m?zlvkt - (C‘I’zhm;zl,m - C‘I’yl,t;zz,m> ’ (139)
_ A1 N -1
“‘I’zl,kt?zl,kt - C\le,kt;zl’kt (C\chkt?zl.ktumzlykt;zl,kt C‘I/yld%zl,ktu\l’ylm§zl,kt) : (140)

Message Update my

zlﬁkﬁgl,k

proj {qwzl,kt i1k (gl,k)}

Pw., e (8Lk) X .
1kt 8Lk ) pgz‘k;q/zlwm (gl,k) (
with
KA ST (g1.x)
X Z/6<Zl,kt - gl,kxkt) . pwkt;\lle,kt (xkt) . pZz,kt§‘le7kt (Zl,kt) .pgl,k;‘leykt (gl,k) le,kt
Tt
(a)
= prkt;\l’zl,kt (-Tkt) -p\I’yl’t;zl,kt (gl’kxkt) .pgl,k§\1’zl,kt (gl7k)
Lkt
= prkt;\lle,m (xkt) . CN(ng“vl’\IlzZth;gl,k(Ikt)7 C\leykt;gl,k(fkt)) . H(xkt)’ (142)
Tkt

where (a) is obtained by the sifting property of the Dirac delta function and using (123). The final
result in (142) is obtained by the Gaussian scaling and product lemma with 6 given in (129) and

—1
- 1 -1
Cu., e (@) = (C%l,t;zz,kt w2+ ng,k;wzl,m) , (143)

2
-1 |Ikt| -1
M\I}Zl.kt 81,k (xkt) = C\I/zl-,kt;gl’k (xkt) <C‘I’ym5Zl,k-tp'\ljyl,t?zl,kt + Cgl.M\I/zL,kt ugl,kﬂ’ﬂ,;&) ' (144)

Tkt
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According to (142), qu (&1,%) is a Gaussian mixture with mean vector and covariance matrix

21 gt 8Lk
. 1 .
uq]zlykﬁgl,k = T prkt;‘l'zl,m (zkt) ’ G(xkt) .M\I’zhkﬁgl.k(zkt)’ (145)
2kt Tkt
N 1 .
C‘leyk,,;gl,k = z mem;‘l’zlﬁm (zke) - O(@re) - (C‘le’kﬁgl,k(xk't)
\pzl,kt Tkt (146)

. H N CH
+H‘I’zlykﬁgl,k(xkt)u‘yzlyktigl,k(mkt)> _N\I’zhkt;gl,ku\pzl’kt;gl,k'

Note that in the pilot phase for ¢ < T, the transmitted symbol 27, is already known. Hence,

Qu., g (g1,1x) reduces to a Gaussian distribution for ¢ < T, with mean vector P, e =

~ p . . A~ _ - p
'“\Ile,,ct;gz,k(xkt) and covariance matrix Cg = C‘le,k,,;gz,k(xkt)' The final message update

2,1t 8Lk

can be computed according to (141) using moment matching and the Gaussian quotient lemma,

p‘l’zl,kt?glak(glvk) = CN(glak N\I/zlykt;gl,k’ C‘I’zz,kt§gl,k> ) (147)
with
A—1 -1 -1
C\le,kt;glvk = (C‘le,k,jgz,k - Cgl,k?‘l"zl7kt) ’ (148)
_ A—1 - -1
“\I’zlykt;gl,k - C\I’zl,kt;glvk (C\Ilzl’kt§gl,ku\1’zl,kt§gl,k - ng,k;‘leyk.tp’gl,k;‘l’zl,kt) . (149)
Message Updates for ¥,
Incoming messages to factor node ¥,
Duy;wg, (ug) o Pw.,, suk (ug) - Hp‘lfgl, iUk (ug), (150)
U1 '
DPhy i@y, (hy k) :p‘l’hlyk§hl,k(hl,k’)’ (151)

T
P, , (k) < [[ po., ,, a0 (810)
t=1

X C'N'(gl,klugl,k;\llgl,k ) ng,k;‘l’gl,k) ) (152)

with

T —1
_ -1
Cglvk;‘ljgl,k - (Z C‘leﬁkﬁgz,,k) ’ (153)

t=1
T
— -1
ugl,k?‘l’gl,k o ngyk;\l{quk C‘le’kﬁgl,ku‘l}zlr;ﬁ?gl,k ) (154)
t=1

which is obtained by applying the Gaussian product lemma multiple times.

Outgoing messages from factor node ¥, ,

Message Update Mmw, |

pI'Oj {Q\I/gl,k JUK (uk)}

Duy; vy, (uk>

Py, s () (155)
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with

Qw,, s (Uk) X //5(gl,k = hypur) - pussw,, , (k) - P sw,, , (8LK) - Phy vy, (Bek) dguk dhy g

(a)
= Pupi,, , (Uk) - /Pgl,k;wgl,k(hl,kuk) P, by (k) dhy g

= Puw,, , (wr) - O(ug), (156)
where (a) is obtained by the sifting property of the Dirac delta function and using (151). The
final result in (187) is obtained by considering the fact that uy is a binary random variable with
uy € {0, 1}, utilizing (114) and the Gaussian product rule, and, then, integrating over h; j, with

91,k

I(uk) = CN(O\ugl,k;wgl,k = By, uks Cgy iy, + éhl,kuk) - (157)

The projection operation in (155) is superfluous since qu,  u, (ux) (187) is already categorically

distributed. Hence, the denominator of (155) cancels with the first term in (187). The final
message update rule is given by the distribution

Pw,, , sup () o< O(ug). (158)

Message Update mw, iy,

proj {q\ygl,k o (hl,k)}

Phy vy, (k)

Dy, bk (hy i) o -

with

qwgl1k§hl,k(hlvk) x Z/(s(gl,k — hy pug) “Puy; ¥y, (ug) "Pei ¥y, (81.%) " Phy i Ty, (hy 1) dgi x
Uk

(a)

= Pui;¥y, , (0) - Dey 0y, (0) - DPwy, shie (hl,k) +puk§‘1}gl7k (1)- Dgi iy, (hl,k)

(hy k)

0)-9(0) - pw,, , shy i (k) + Pugw,, (1) - 9(1) (160
160

hl,k) b

"D, b
= puk;\Ing’k (

.CN(hl7k|ﬂ\I/ng;hL)k,C\I/ .

91,k

where (a) is obtained by making the sum explicit for u; and utilizing the sifting property of the
Dirac delta function and (151). The final result in (160) is obtained by using (114), (157), and the
Gaussian multiplication lemma with

—1
-1 A1
C‘I’gz,k5hl=k = (ng,k;‘l’ghk + Chz,k) ’ (161)
- = -1 =1 ~
M\Ilgl,k;hlvk = C‘I'gz,k?hl,k (Cgl,kﬂljgl‘kugl.k?qjgl‘k + Chl,k/‘hl,k>' (162)

The normalization constant for qu,,  hix (hy 1) is given by

Zy, = /Puk;\bglyk(o) -9(0) - pwy, b (k)

(1) 9(1) - CN (Bl
= puey, , (0) - 9(0) + pug o, , (1) - O(1). (163)

‘hl‘k> dhy ;.

hl,lc’ Cq}glﬁk’

+ puk;\Pg

I,k
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According to (160), qu,,  ;n,, (i k) is a Gaussian mixture in two components with mean vector

and covariance matrix

. 1 N .
o s = 5 (Pustay, (0) - 9(0) « iy, + P, , (1) - 9(1) - o, i, ) (164)
91,k
. 1 ~ - -
Cq}gl,k;hl:k = Z (puk;‘llglﬁk (0) . 19(0) ' (Chlyk + ll’hlku’hHlk) +puk;‘llgl7k (1) : 19(1)
\Ilzl,kt (165)

_ _H . L H
’ (C‘I’yz7k§hl,k + by hl,kl'l/‘pglykﬁll,k)) o “‘I’gl’k;gl,k“‘l’ghmgz,k'

91,k
Note that the estimated posterior distribution (112) of h;j is proportional to the product of

91,k
and (159). Hence, the final estimate of h; j can be computed via (164) after the last iteration of
the EP algorithm.
By applying moment matching and the Gaussian quotient lemma to (159), we obtain for the
final message update the following distribution,

Pwy, b (h; 1) and Pw, b (hy x¢) which is proportional to proj{q\p Tk (hz,k)} according to (151)

P, b (k) = CN(hl,k“l'\Ilgl’k;lek, C\I/gl,k;hl,k) , (166)
with
- N
C‘Pgl,k?hlvk = (C‘ygl’kﬁhl,k o Chz,k) ’ (167)
A1 . S
u‘l’gt,k?hl»k - C‘Ij-‘il,k;hl*k (C‘I'gz,k%hl,k/’l"l’gl,k?hl‘k B Chz,ku’hl,k) ’ (168)
Message Update My, g

proj{qq’gl,k;gl,k (gl,k)}

Dgi iy, (81,kt)

Pw,, e (8Lk) X (169)

with
Qw,, e (8LE) 2/5(gz,k —hypur) - puy,, , (uk) - Pg v, , (8Lk) - Phy vy, , (k) dhyg
Uk

(a)
= Pucivy, , (0) - Pei vy, , (8Lk) - 0(8Lk) + Puiw,, , (1) - Pei iy, , (8LK)

“Pwy, b (gl,k)
= Pursvy, , (0) - Pgi vy, , (81k) - 0(8LK) + Purswy, (1) - (1)

T : (170)
. cN(gz,klumglyk;ng, C%,k;glvk) 7

where (a) is obtained by making the sum explicit for u; and utilizing the sifting property of the
Dirac delta function and (151). The final result in (188) is obtained by using (114), (157), and the
Gaussian multiplication lemma with

=Cy

C‘I’ shy ko (171)

p"I’gz,k?gl,k - ﬂq}glyk?hl,k' (172)

91,1 8Lk 9k

The mean vector and covariance matrix of the Bernoulli-Gaussian distribution qw,, k;gz_k(gl,k)
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in (188) is given by
1

Il‘ljgz,)k;gl,k = Z\IJ " Puy; 'l’ql k (1) : 19(1) ! ﬂ\ljgl,,k"rglvk’ (173)
91,k
91,k 8Lk 7 Uk3¥ gy 1 91,1 8Lk ‘I’gz,k)glvk ‘Ilyl,k,’glvk
Youk (174)

~ ~H
_I‘I"I’gl’k§gl,k“‘1’ghk§gz,k'

By applying moment matching and the Gaussian quotient lemma to (169), we obtain for the final
message update the following distribution,

p\Pglykﬁgl,k (glyk) = CN(gl,k“"l’\I/glyk;gl,k?C‘Ilglyk;gl,k> i (175)
with
A—1 -1 -1
C\Ilgl,k;gl‘k' = (C‘I’gl7k;gz,1‘: - ng,kﬂl’gm«) ’ (176)
_ A—1 ~ -1
o, en = C‘sz,k?glvk (C\I}gl7k?gl,kulpyl7k?gl,k - ng‘k,\llg, ey, k) ’ (177)

D.3 JACD-EP-BG Algorithm
Message Update for my

y,¢ 2Lkt

This message update is identical for the JACD-EP-BG and the JACD-EP algorithm, and, hence,
its derivation can be found in Appendix D.2 or the extended version of [2].

Message Update for my

21, Kt

The local belief of z; at the factor node ¥, . is given by
qv Wy e 3Tkt wkt)

/ 0(Z1kt — BLETkt) * Pariiv., ,, (Tht)

P,y (ZLkt) - Dgisvs, , (81k) A2 ke Ak

(a)
= Pzis¥s (kt) - Dz 1592, (81,kTkt)

Peiive, ,, (8Lk) A8k
(b)
~ PaiesVs o, (Tkt) - CN(gl,kxkt‘,uﬂl/yl)t;zl’ktaC\I/ylﬁt;zl,k,,)

’ )‘gl,ki‘p ’ CN(glxk|p’gz,k;‘l’zl)kt ’ Cgl kW2 kt) dgl k

2, kt

(c) _
= Pape; ¥z, (xkt) / |xkt| S Agl,M\I’zl,kt
: CN(gl,k“l/tmpa Ctmp) : CN(O‘IJ"II?/L’t;zl,M‘TI:tl
- ‘ujglvk;q’zz,m ’ C\I’yl,t;zl,kt ‘xkt|72 + Cgl,k;‘l’zl,kt) dgl,k
= P ¥z, (xkt) : |xkt|_2N : Agl,lﬁ\llzl,kt
—1 —2
’ CN(0|H‘I’let;Zz,mxkt B ugl,k?‘l’zl,kt ’ C\Pyl,t;zlvkt ke + Cglvk?mzl,m)

= Payes ¥y, (Tkt) - )\gl,kﬁ‘l’zl,kt O(pt), (178)
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where (a) is obtained by the sifting property of the Dirac delta function [51], (b) is obtained by using
Pai s, ,, (ZLkt) = PO, iz (Z1ke) and considering only the Gaussian part of the BG distribution
Peiii¥s, ,, which models the active component that is necessary to detect the transmitted symbol
T, and (c) is obtained by utilizing the Gaussian scaling and product lemma which yields g, and
Cimp accordingly. The final result in (178) is obtained by applying the Gaussian scaling lemma
once again with 6(xy) given in (30). For ¢t > T, and zx, € X, (178) is a categorical distribution.
Hence, the projection operation in (108) is superfluous since it projects (I\leﬁkt;rm(xkt) onto a
categorical distribution, and the denominator of (108) cancels with the first term in (178). Thus,
the final message update rule reduces to (29).

Message Update for my

2kt 8Lk

The local belief of g ;. at the factor node ¥, ,, is given by

q‘pzl,kt§gl,k(gl,k)

o 2/5(Zz,kt — 8LkTht) " Parivs, ,, (Tht)

Tkt
Dz, (ZLkt)  Pgiisvs, ,, (81k) A2 ke
= me;wzl,m(xkt)'pwyl,t;z,,m(gz,kxkt)'sz‘k;\lfz,,m(gz,k)» (179)
Tkt
where (179) is obtained by the sifting property of the Dirac delta function and using Payjiss, (Z1,1t)

POy, 7kt (z1,kt). The local BG belief is further computed by considering the two parts modeling
activity and inactivity of the BG distribution separately. For the BG inactive component, only the

Dirac at g, = 0 contributes, i.e., pg, 0., , (8k =0)=1—Ag ;v . Thus,
Q92 1580k (gl,k = 0)
X Zplkt;‘pzl,kt (xkt) ' 9(0) ' (1 - Agl,ldq/zl'kt)
Tkt
—0(0) - (1~ Agurewy ) (180)
with py,, .z, (0) = 0(0) and 6(z) defined in (30). For the BG active component, only the Gaussian

part is considered, i.e., Perii¥e, ., (g1.1) = Ag"k?q’a,kt -CN(gl,kmglyk;‘pzw , Cglvk;\I}zl,kt)7

qu., e (8Lk #0)

o Zpxm;\lfz,,,ct(xkt)'CN(gl,kxktW\pyu;zwy Cu,, i)

Tkt

’ )\gl,kﬁpzl’kt : CN(ng‘Hgl,k%‘I/zlykt ’ Cgl:k;‘llzl,kt)

= g, ,, - O(@k)
_ (181)

- CN (81klfy, [ Tkt) Ty s Cop (i) it 72),

which is obtained by applying the Gaussian scaling and product lemma with ¢(zy:), Py, (Tgt),
and C,, ,,(zy:) defined in (37), (38), and (39), respectively. Thus, the active component of
qu., g (g1x) in (181) is a Gaussian mixture whose components correspond to the transmit
symbols zr;. The computation of the expectation of the sufficient statistics of this mixture distri-
bution for moment matching may yield a mean close to zero, which would indicate activity with a
weak channel. To prevent this issue which determines a high number of false alarms, we select the
mixture component with the largest weight, denoted by z* in (44). Note that in the pilot phase

40



CellFree6G Deliverable 4.2

for t < T),, the transmitted symbol zj; = a}, is known a priori and, hence, z* = z},. With this
pragmatic approximation, we obtain

., e (8k) = BG(8kl g v g, o Caine) (182)

with parameters /A\glykt, Pg, . and Cgl,kt given by (41), (42), and (43), respectively. By applying
the EP update rule (108), the final message is defined by the parameters in (32), (33), and (34).

Message Update for My,

The local belief of uy, at the factor node ¥, , is given by
4wy, ,uk (ug)

x // (gek — hupur) - pugw,, , (ur) - Pg v, , (8LE)

“Phy vy, , (hek) dgik dhy g

= /puk;\lfglvk (uk) 'pgl,lﬁq’gz,k <hl’kuk) (183)

Py, iy (k) dhy g

which is obtained by the sifting property of the Dirac delta function and using pp,, ki, (hy i) =
p\yhlﬁk;hl’k(hhk). The local categorical belief is further computed by treating separately the two
components modeling the Bernoulli distribution. For the inactive case, i.e., ux = 0, only the
Dirac component of the BG distribution pg, ,.w,, , (8,k) contributes, i.c., pg, ,;w,  (hirur = 0) =
1—A

gl,k(

81,5V 40
qw,, , su(uk = 0)
x /Puk;xpglyk (0) - (1= Agswy, ) - Pwn, ,she s (k) dhy g
= Dups¥y, , (0)-(1- )\glyk;\pgm ). (184)

For the active case, i.e., ux = 1, only the Gaussian component of the BG distribution Dgi ¥y, (&1.1)

is relevant, i.e., Pgixi ¥y, . (gl,k) = Pgi k¥, , (hl,k) = /\gz,k;\lfg,,k .CN<hl7k|l'l’gl,k;\I/gl7k’Cgl,kﬁllgl’k)’
q‘I’yl,k5uk (uk = ]‘) (185)
x /pukﬁllgl’k (1) : /\gz,kﬂl’gl,k

'CN(hlvkmgz,k;‘I’

= Pups¥y, , (1) Agi w0

Cgl,k'?‘llgl,k) Py, hik (hl,k) dhy
-9(1), (186)

91,k

9,k

which is obtained by applying the Gaussian product lemma with ¥(uy) defined in (49). Then,
combining the active and inactive components, we obtain

17)‘31,1@?‘1’ for uk:O

91,k

(1) forup =1" (187)

Qw,, , sun (W) XPuyswy, |, () - {

)‘gz,kﬂl’ghk

The projection in (108) is superfluous since qw,  u,(ux) is already a categorical distribution.
Hence, the denominator of (108) cancels with the first term in (187). Thus, the final message
update rule is given by (50).

41



CellFree6G Deliverable 4.2

Message Update for my

ghk;gl,k

The local belief of g; 1 at the factor node ¥, , is given by
4wy, &1k (81.k)
o 2/5(gz,k —hypur) - pugw,, , (ur) - Pg v, , (8LE)
Uk

“Phyv,,  (hig) dhy g

(a)
= Perr;%y, (gl,k) : (pwc;‘lfg,,k (0) '5(gl,k)

+ Duy; @y, (1) Dwy, b (gl,k‘))

9,k

= Pgi,k;¥y, (81,k) - BG (gl,k|puk;‘1’gm (1), ﬂhl,ka Chl,k) (188)

where (a) is obtained by explicitly evaluating the sum over wuj and utilizing the sifting property
of the Dirac delta function along with the identity pn, v, , (hix) = pw,, . (hig). The final
equation (188) is obtained by using pw,,  n,,(hik) = CN (hyilpy, ., Chl,k) and noting that the
second factor in (a) written in brackets is a BG distribution. The projection in (108) is superfluous
since qu,, g, (81,k) is the product of two BG distributions which is again a BG distribution.

Hence, the denominator of (108) cancels with the first term in (188). Thus, the final message
parameters are given by (59), (60), and (61).

Message Update for my

2 gt 2Lkt

The local belief of z; x; at the factor node W, ,, is given by

Qu., .,z (ZLkt)

% 2/5(Zl,kt — 81.kTkt) Dar e, (Tkt)

Trt

Daie, ,, (ZLkt) - Pgi v, ,, (8Lk) ALk

(a) _
S el N pague, (@) - Dwy g (B

Tkt
Z],kt
LI Tht
(®) —oN
R |l N pagve, ,, @) - Dwy e (Zk)
Tkt

Z] Kt
.Agl,k§\yzl’kt CN( Tht Mgl,k;\yﬂ,kt’Cgl’k;\ljzl,kt

= ZFIM;‘I’ZLM (xkt> : a(xkt) ’ )\gl,ki‘pzl’kt

Tkt

'CN(zl7kt|p‘zl,kt('rkt)vsz.m(xkt))a (189)

where (a) is obtained by applying the scaling and sifting property of the Dirac delta function [51]
and using py, 45w, ,, (Zikt) = Pw,, 2 (z1kt), and (b) is obtained by approximating the BG dis-
tribution pg, ;v by its Gaussian part. The final result in (189) is obtained by applying the
Gaussian scaling and product lemma with 0(zkt), i, ,,(zkt), and Gy, ,, (zke) given by (30), (38),
and (39), respectively. The normalization constant for qu. .z . (Zikt) is given by Zy =

2kt

Agi ., ,* Zw.,,, where Zy,  is defined in (40). According to (189), qu. .z . (Z1,kt) 15 &
Gaussian mixture with mean vector and covariance matrix given by (67) and (68), respectively.
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Note that in the pilot phase for ¢ < T,, the transmitted symbol zy; = a}, is known a pri-

ori.

A o~ P . . ~
By . = By, (2),) and covariance matrix C

Hence, qu., iz .. (Z1kt) reduces to a Gaussian distribution for ¢ < 7, with mean vector

2 = Cz, . (2},). The final message parameters are

given by (65) and (66), which are computed according to (108).
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