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Abstract

This deliverable presents results related to Tasks 4.2 and 4.3 of the CellFree6G project
and investigates distributed semi-blind algorithms for joint activity detection, channel estima-
tion, and data detection (JACD) in grant-free cell-free massive multiple-input multiple-output
(GF-CF-MaMIMO) systems. These systems are especially relevant for massive Internet-of-
Things (IoT) scenarios, where a large number of sporadically active devices prevents the use
of orthogonal pilot sequences and necessitates decentralized signal processing. These systems
are fundamentally challenged by (i) pilot contamination due to non-orthogonal pilot reuse, (ii)
stringent scalability constraints arising from large numbers of sporadically active devices, and
(iii) distributed network architectures.

To address these challenges, the deliverable presents novel Bayesian approximated inference
algorithms based on expectation propagation (EP) that enable efficient and scalable JACD
without relying on centralized processing of received signals. The proposed framework exploits
a distributed factor-graph representation of the joint posterior distribution, allowing channel
estimation and refinement to be performed locally at the access points, while user activity
detection and data detection rely on lightweight message exchanges and simple fusion opera-
tions. This architectural separation significantly reduces fronthaul requirements and supports
decentralized implementations with cooperation among processing units.

Two distributed EP-based algorithms are proposed. The first employs Gaussian approxi-
mations for channels, while the second introduces a Bernoulli-Gaussian (BG) channel model
that explicitly captures channel sparsity induced by sporadic user activity. A key methodolog-
ical contribution is the derivation of an exponential-family representation of the BG distribu-
tion, which enables its seamless integration into the EP framework and leads to closed-form
message updates with polynomial complexity. The proposed algorithms are inherently suitable
for GF-CF-MaMIMO systems equipped with an arbitrary number of antennas at the access
points (APs), as requested in Task 4.3.

The deliverable provides a comprehensive performance evaluation based on numerical sim-
ulations, alongside an analysis of computational complexity and information-exchange over-
head. Simulation results demonstrate that the proposed distributed algorithms significantly
outperform centralized linear receivers and state-of-the-art baselines, particularly under severe
pilot contamination, achieving near-optimal performance. Overall, the results demonstrate
that the proposed semi-blind distributed approaches effectively mitigate pilot contamination,
achieve near-optimal performance, and offer a favorable trade-off between performance, scala-
bility, and implementation complexity, thereby supporting practical deployments of large-scale
GF-CF-MaMIMO systems.
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1 Introduction

The explosive growth of Internet-of-Things (IoT) devices and the evolving requirements of mas-
sive and critical machine-type communications (MTC) for ultra-low latency, high reliability, and
energy efficiency call for new communication system designs [3]. Traditional grant-based multi-
ple access schemes fail to meet these high demands due to signaling overhead and latency, es-
pecially under dense device deployments and sporadic burst traffic. Hence, grant-free random
access has emerged as a compelling alternative, facilitating efficient resource utilization without
the need for an explicit scheduling grant [4–6]. Simultaneously, the cell-free massive multiple-
input multiple-output (CF-MaMIMO) network architecture, in which a large number of geo-
graphically distributed access points (APs) jointly serve a potentially large number of user equip-
ments (UEs), enables ubiquitous coverage and energy-efficient communication [7–9]. Grant-free
CF-MaMIMO (GF-CF-MaMIMO) systems combine the advantages of grant-free random access
and CF-MaMIMO and are promising candidates for next-generation IoT networks [10,11]. At the
same time, CF-MaMIMO architectures implemented with centralized processing face fundamen-
tal scalability limitations [12] which are further exacerbated in GF-CF-MaMIMO systems, where
a large number of sporadically active UEs must be jointly processed, motivating the design of
distributed algorithms.

In addition to the classical communication tasks of channel estimation and data detection,
grant-free random access requires identifying the set of active UEs transmitting data. To ac-
complish this, UEs transmit pilot sequences which can be used to jointly estimate both device
activities and channels, a process known as joint activity detection and channel estimation (JAC),
e.g., [13, 14]. However, the large number of connected devices in massive MTC prevents the use
of orthogonal pilot sequences, leading to pilot contamination (PC) which degrades overall system
performance and further complicates activity and data detection. PC occurs in any communica-
tion system where UEs transmit non-orthogonal pilot sequences. In centralized MaMIMO sys-
tems, channel hardening and favorable propagation have been used to alleviate the PC problem
for grant-based multiple access in [15–19]. In contrast, such properties typically do not hold in
CF-MaMIMO [20–23], rendering such decontamination methods ineffective. The use of central-
ized minimum mean squared error (MMSE) processing in grant-based centralized MaMIMO was
shown to mitigate PC under practical channel statistics in the asymptotic regime of infinitely many
antennas [24, 25]. Similar results were obtained for distributed processing in CF-MaMIMO [26].
However, PC still remains a major practical challenge [12], especially in scalable CF-MaMIMO
systems, which inherently rely on distributed signal processing, with a limited number of APs and
antennas per AP. This problem becomes even more severe in GF-CF-MaMIMO where the addi-
tional need for UE activity detection arises and a much larger number of UEs are simultaneously
processed, thereby intensifying PC. These challenges motivate the development of distributed pilot
decontamination schemes that can effectively mitigate PC while jointly supporting scalability and
low fronthaul traffic in GF-CF-MaMIMO architectures.

One promising approach to mitigate PC is to exploit not only the pilot symbols for channel
estimation and UE activity detection but also the received data symbols. In grant-based multiple
access, where the UE activities are known beforehand and only channels and data symbols need to
be estimated, this approach is referred to as joint channel estimation and data detection (JCD).
Several studies have explored JCD in CF-MaMIMO systems. The authors in [27] investigated
semi-blind methods for JCD in CF-MaMIMO and derived conditions for semi-blind identifiability.
In [28], a JCD scheme based on forward-backward splitting was developed, exploiting the sparsity of
CF-MaMIMO channels and employing non-orthogonal pilot sequences. A distributed expectation
propagation (EP)-based semi-blind JCD algorithm for CF-MaMIMO systems was presented in [29]
and was further refined and analyzed under PC in [30]. The authors in [31] combined variational
Bayes and EP to develop a semi-blind JCD algorithm based on Bethe free energy optimization.

In grant-free random access, the received data symbols can also be used to additionally en-
hance the UE activity detection, a task referred to as joint activity detection, channel estimation,
and data detection (JACD). In the literature, different JACD schemes have been proposed. One
class of algorithms is based on sequences spreading data whereby the data symbols of each UE are
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multiplied by a unique spreading signature, e.g., [32–34]. These unique, generally non-orthogonal
signatures spread the transmitted symbols in the time/frequency domain, enabling multiple UEs
to share the same resources. However, spreading data reduces the spectral efficiency and limits
the achievable data rate per UE. Hence, in the following, we focus on JACD schemes that do not
rely on spreading data sequences. For centralized MaMIMO systems, several non-spread JACD
schemes based on bilinear generalized approximate message passing (BiG-AMP) have been pro-
posed. These include approaches that combine BiG-AMP with loopy belief propagation (BP) [35],
introduce vector nodes with correlated channels [36], or iteratively exchange information with the
channel decoder [37]. In [38], bilinear Gaussian BP (BiGaBP) was applied to the JACD problem
in GF-CF-MaMIMO networks, employing low-coherence pilot sequences. Here, the beliefs of the
Bernoulli-Gaussian (BG)-distributed channels and the categorically distributed data symbols are
approximated by Gaussian distributions, and a corresponding message-passing algorithm was de-
rived. The authors in [39] developed two JACD algorithms based on forward-backward splitting
and deep unfolding for hyperparameter optimization. The proposed centralized algorithms employ
Laplace distributions to model the sparsity of channels and data.

In this deliverable, we present two novel distributed JACD algorithms for GF-CF-MaMIMO
networks which have been published or submitted for publication in [1,2]. We formulate the JACD
task as a maximum a posteriori (MAP) estimation and detection problem and, then, solve it ap-
proximately using EP, a Bayesian learning technique that iteratively computes tractable approxi-
mations of factorized probability distributions employing exponential family distributions [40,41].
To this end, we factorize the a posteriori probability (APP) distribution of user activities, chan-
nels, and data symbols to enable a tractable joint inference on a factor graph based on EP. This
factor graph approach enables an inherent distributed implementation of the proposed algorithms
which is suitable for decentralized and scalable CF-MaMIMO systems with baseband-processing
capabilities at the APs.

Parts of this deliverable have been published in [2]. The remaining material, submitted for
publication in [1], introduces as its main novel contribution compared to [2] the adoption of BG
distributions within the EP framework to more accurately capture the sparsity of the effective UE
channels. This modeling refinement leads to a significant improvement of the JACD performance.

The approach presented in [2] relies on Gaussian approximations for the effective UE channels,
which do not explicitly capture channel sparsity and yields the JACD-EP algorithm. To enable EP
inference with BG random variables, in [1] we first derive the exponential family representation
of the BG distribution and then apply EP message passing to develop the JACD-EP-BG algo-
rithm. Finally, we conduct an extensive performance analysis via Monte Carlo simulations and
compare the proposed algorithms with optimal linear and state-of-the-art EP-based algorithms.
The contributions of this deliverable are summarized as follows:

• We formulate the JACD problem as a MAP estimation and detection problem and propose
a factor graph that enables EP-based inference of the approximate APP distributions of
UE activities, channels, and data symbols. The proposed formulation yields a natural task
partition between APs and central processing unit (CPU), leading to a distributed algorithm
that keeps the computational load at the CPU linear in the number of data signals, supports
scalability, and facilitates a structured and efficient design of the information exchanged over
the fronthaul.

• We present the exponential family representation of the BG distribution, enabling simple and
closed-form multiplication and division of BG distributions and their seamless integration into
the EP framework. The BG model provides a more effective representation of sparse random
variables such as channels between UEs with unknown activity state and APs compared to
Gaussian approximations.

• We develop the two distributed JACD algorithms by applying EP on factor graphs with
Gaussian and BG channel models, yielding the proposed JACD-EP and JACD-EP-BG al-
gorithm, respectively. Both algorithms exhibit a polynomial computational complexity and
enable scalable signal processing in GF-CF-MaMIMO systems.
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• We present an extended numerical analysis of the proposed algorithms’ performance for
different pilot sequence lengths, modeling different levels of PC. As benchmark, we adopt
centralized linear MMSE processing, including genie-aided variants, and show the superior
performance of the proposed distributed algorithms, particularly under severe PC. Since
centralized MMSE processing provides an upper bound on the performance of distributed
linear MMSE schemes, no distributed linear MMSE benchmark is included. The results show
that linear MMSE processing is not sufficient to effectively combat PC, highlighting the need
for nonlinear estimation and detection schemes.

The remainder of this deliverable is organized as follows. In Section 2 and 3, we introduce the
GF-CF-MaMIMO system model and formulate the inference problem, respectively. In Section 4, we
derive the exponential family representation of the BG distribution. Then, in Section 5, we propose
the JACD-EP and JACD-EP-BG algorithms. In Section 6, the performance of the proposed
algorithms is evaluated via Monte Carlo simulations. Finally, conclusions are drawn in Section 8.
The detailed analytical derivation of each algorithmic step is provided in the appendices.

For the sake of clarity, each section header specifies whether the corresponding contributions
originate from [1,2] or are common to both manuscripts.

Notation: Lower case, bold lower case, and bold upper case letters, e.g., x,x,X, represent
scalars, vectors, and matrices, respectively. IN is the N -dimensional identity matrix. diag(·)
denotes a diagonal matrix whose main diagonal entries are given by the elements inside the brack-
ets. δ(·) represents the Dirac delta function. The indicator function 1(·) equals one if the con-

dition in the subscript is satisfied and zero otherwise. (·)T and (·)H denote the transpose and
conjugate transpose (Hermitian) operation, respectively. The trace of a matrix X is written
as tr{X}. |S| stands for the cardinality of the set S. E{·} denotes the expectation operator.

CN (x|µ,C) = |πC|−1e−(x−µ)HC−1(x−µ) represents the probability density function (PDF) of a
proper complex-valued Gaussian random vector x with mean µ and covariance matrix C. π(x) de-
notes the probability mass function (PMF) of a categorical random variable x. The notation x ∼ p
indicates that the random variable x follows the distribution p. In a factor graph, the message sent
from the factor node Ψα to the variable node xβ is denoted as mΨα;xβ

and consists of parameters of
the distribution pΨα;xβ

(xβ) in the exponential family. Note that we adopt the same subscript also

for the parameters, e.g., pΨα;xβ
(xβ) = CN

(
xβ |µΨα;xβ

,CΨα;xβ
) with mean µΨα;xβ

and covariance

matrix CΨα;xβ
or pΨα;xβ

(xβ) = πΨα;xβ
(xβ) with probability values πΨα;xβ

(xβ

)
for a Gaussian

or categorical random variable xβ , respectively. Analogous notation holds for variable-to-factor
messages mxβ ;Ψα

.

2 System Model

We consider the uplink of a GF-CF-MaMIMO network comprising L geographically distributed
APs, each equipped with N antennas, serving K synchronized single-antenna UEs as illustrated in
Fig. 1. All APs are connected to a CPU via fronthaul links. Due to the sporadic traffic character-
istics of the network, only a subset of the K UEs is active and transmits data simultaneously. Let
Yl = [yl,1 · · ·yl,T ] ∈ CN×T denote the signal received at AP l over a coherence block of T channel
uses. It is given by

Yl = HlUX+Nl =

K∑
k=1

hl,kukx
T
k +Nl, (1)

where Hl = [hl,1 · · ·hl,K ]∈CN×K denotes the channel matrix of AP l with hl,k∈CN×1 being the
channel between AP l and UE k. The diagonal activity matrix U = diag(u1, . . . , uK) ∈ {0, 1}K×K

contains the binary activity indicators where uk = 1 if UE k is active and uk = 0 otherwise.
X = [x1 · · ·xK ]T∈CK×T is the transmit symbol matrix with xk∈CT×1 representing the transmit
sequence of UE k and Nl ∈ CN×T is the matrix of independent and identically distributed (i.i.d.)
additive white Gaussian noise (AWGN) elements n ∼ CN

(
n|0, σ2

n

)
. The channels and the user

activity indicators are constant during the channel coherence interval. We assume block Rayleigh
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active UE inactive UEAP

CPU

Figure 1: GF-CF-MaMIMO network with geographically distributed APs and UEs exhibiting
different activity states.

fading channels, i.e., hl,k ∼ phl,k
(hl,k) = CN (hl,k|0N ,Ξl,k), where Ξl,k ∈ CN×N is the spatial

correlation matrix and ξl,k = 1
N tr{Ξl,k} is the associated large-scale fading coefficient. The activity

indicator uk is drawn from a Bernoulli distribution, uk ∼ pu(uk) = (1− λ)1uk=0 + λ1uk=1 where
λ denotes the user activity probability. The transmit symbol matrix consists of a pilot part
Xp ∈ CK×Tp with known pilot symbols xp

kt and a data part Xd ∈ XK×Td with data symbols xd
kt

such that X = [Xp Xd] and Tp + Td = T . The transmit symbols belong to the constellation X of
cardinality M = |X | which does not contain the zero-symbol, i.e., 0 /∈ X . All UEs transmit with
the same average transmit power σ2

x = E
{
|xkt|2

}
. A similar decomposition holds for the receive

matrix, i.e., Yl = [Yp
l Yd

l ] with received pilots Yp
l ∈ CN×Tp and received data Yd

l ∈ CN×Td .
Finally, we assume Tp < K since the number of UEs can be very large and assigning orthogonal
pilot sequences to the UEs is generally impractical. This inevitably leads to the so-called PC effect.

3 Problem Formulation

The non-orthogonality of the pilot sequences degrades both user activity detection and channel
estimation performance. The detrimental effect of PC can be mitigated by exploiting the detected
data symbols to improve activity detection and channel estimation, which in turn enables a refine-
ment of the detected data symbols and yields an iterative JACD approach. At first, we summarize
the received signals from all APs in the global model

Y = HUX+N, (2)

where, for A ≡ {Y,H,N}, we define A = [AT
1 · · ·AT

L]
T. For JACD, the receiver jointly estimates

the user-activity, channel, and data matrices U, H, and Xd, respectively. The MAP estimator is
given by

(Û, Ĥ, X̂d) = argmax
U,H,Xd

p(U,H,Xd|Y,Xp), (3)

where the APP distribution p(U,H,Xd|Y,Xp) can be factorized using Bayes’ rule as

p(U,H,Xd|Y,Xp) ∝ p(Y|U,H,X) · p(U) · p(H) · p(X). (4)

Direct MAP inference in (3) is computationally intractable due to the high dimensionality of the
involved variables. Hence, in Section 5, we propose two low-complexity approximate Bayesian
learning methods for JACD. Since these methods rely on EP and BG distributions, we review the
key properties of the exponential family and provide an exponential family representation of the
BG distribution in the following section.
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4 Bernoulli-Gaussian Distribution in Exponential Family Form [1]

In this section, we derive the exponential family representation of the BG distribution. To this
end, we first recall the general form of an exponential family distribution and, then, show that the
BG distribution can be expressed in exponential family form.

4.1 Exponential Family

A probability distribution belongs to the exponential family if it can be expressed as [42]

p(x) = eη
Hu(x)−A(η), (5)

where η is the vector of natural parameters, u(x) is the vector of sufficient statistics, and A(η) is
the log-partition function. Exponential family distributions enjoy convenient properties, e.g., they
allow simple multiplications and divisions of probability distributions, which makes them attractive
in the EP framework. Two prominent members of the exponential family are the Bernoulli and
Gaussian distributions reviewed below.

Let x ∈ {0, 1} be a Bernoulli-distributed random variable that equals one with probability λ
and zero with probability 1− λ. The corresponding PMF is given by

pB(x) = (1− λ)1x=0 · λ1−1x=0 = eηBuB(x)−AB(ηB), (6)

with natural parameter ηB = log 1−λ
λ , sufficient statistic uB(x) = 1x=0, and log-partition function

AB(ηB) = − log λ = log(1 + eηB).
The exponential family representation of the proper multivariate complex Gaussian distribution

with mean µ and covariance matrix C is given by the PDF

pG(x) = CN (x|µ,C) = eη
H
GuG(x)−AG(ηG), (7)

with natural parameters Λ = C−1, γ = C−1µ, and corresponding vector of natural parameters

ηG =
[
γT,γH,−vec{Λ}T

]T
, sufficient statistics uG(x) =

[
xT,xH, vec

{
xxH

}T ]T
, and log-partition

function AG(ηG) = γHΛ−1γ − log |π−1Λ|.

4.2 Bernoulli-Gaussian Distribution

A BG random variable describes two mutually exclusive events. The first event occurs with prob-
ability λ and yields a Gaussian random vector with mean µ and covariance matrix C. In the
complementary event, which occurs with probability 1 − λ, the random vector is zero. We de-
note the probability λ as activity probability and the probability mass at zero 1− λ as inactivity
probability. By introducing the Bernoulli indicator as for the Bernoulli distribution in (6), the BG
model can be expressed in exponential family form as shown by the following proposition.

Proposition 1. The exponential family representation of the BG distribution with activity proba-
bility λ and the proper complex Gaussian event characterized by mean µ and covariance matrix C
is given by

pBG(x) = BG(x|λ,µ,C) = eη
H
BGuBG(x)−ABG(ηBG), (8)

with vector of natural parameters ηBG =
[
κ,ηT

G

]T
, sufficient statistics uBG(x) =

[
1x=0,uG(x)

T
]T
,

and log-partition function ABG(ηBG) = log
(
eAG(ηG) + eκ

)
, where κ := log 1−λ

λ +AG(ηG).

Proof. The BG mixture model can be expressed in terms of the Bernoulli indicator as

pBG(x) = (1− λ)1x=0 · (λ · eη
H
GuG(x)−AG(ηG))1−1x=0 .
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Collecting all terms into natural parameter and sufficient statistic vectors yields

pBG(x) =
(1− λ

λ

)1x=0

·eAG(ηG)·1x=0 ·elog λ ·eη
H
GuG(x)−AG(ηG)

= eκ·1x=0+ηH
GuG(x)+log λ−AG(ηG),

which proves the claim with ηBG, uBG(x), and ABG(ηBG) defined above.

We observe that the exponential family representation of the BG model introduces an additional
natural parameter and sufficient statistic beyond those of the Gaussian distribution which are
related to the inactivity event. The probability distribution BG(x|λ,µ,C) returns the inactivity
probability 1−λ when x = 0, and for x ̸= 0 the corresponding PDF value of the Gaussian event
scaled by the activity probability λ.

The key advantage of the exponential family representation is the straightforward computation
of normalized products or quotients of the respective distributions by simple addition or subtraction
of the natural parameters, respectively. For example, the product of two BG models characterized
by the natural parameters (κ1,γ1,Λ1) and (κ2,γ2,Λ2), respectively, yields another BG model
with natural parameters (κ1 + κ2,γ1 + γ2,Λ1 + Λ2). To offer further insights, we present in
the following the results in the original parameter space, i.e., activity probability λ, mean µ, and
covariance matrixC, and explicitly state the normalization constant. Similar results can be derived
for quotients of BG models but are omitted for brevity.

Corollary 1 (Bernoulli-Gaussian Product Lemma). The product of two BG models yields a new
unnormalized BG model,

BG(x|λ1,µ1,C1) · BG(x|λ2,µ2,C2)

= BG(x|λ,µ,C) ·
[
λ1λ2CN (0|µ1 − µ2,C1 +C2)

+ (1− λ1)(1− λ2)
] (9)

with

λ =
λ1λ2CN (0|µ1 − µ2,C1 +C2)

λ1λ2CN (0|µ1 − µ2,C1 +C2) + (1− λ1)(1− λ2)
, (10)

C =
(
C−1

1 +C−1
2

)−1
, (11)

µ = C
(
C−1

1 µ1 +C−1
2 µ2

)
. (12)

Proof. The proof is shown in Appendix A.

The mean (12) and covariance matrix (11) of the Gaussian part are identical to those in the
Gaussian product lemma, cf. Lemma 1 in Appendix C. The activity probability (10) provides
insights when we explicitly consider the two events a BG random variable characterizes. The event
of inactivity occurs with a probability that is proportional to the product of the two factor inactivity
probabilities, i.e., (1 − λ1)(1 − λ2). The activity probability (10) is proportional to the product
of the two factor activity probabilities, i.e., λ1λ2, and a correction factor which measures how
well the two Gaussian densities match, i.e., CN (0|µ1 − µ2,C1 +C2). The correction factor is the
normalization constant that appears in the Gaussian product lemma. Note that for λ1 = λ2 = 1,
the BG product lemma reduces to the Gaussian product lemma.

For illustration purposes, two examples of a BG product are shown in Fig. 2. Here, the random
variable is modeled as real-valued for simplicity. In Fig. 2a, it can be observed that the area of the
Gaussian component corresponding to the activity probability for the resulting product is fairly
small, even though the two original BG distributions have an activity probability of λ1 = 0.8 and
λ2 = 0.9, respectively, because the respective Gaussian distributions do not significantly overlap.
The opposite behavior can be observed in Fig. 2b.
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Figure 2: Example BG product with λ1 = 0.8 and λ2 = 0.9.

Besides, it is worth mentioning that computing the product of a BG and a Gaussian distribution
is also straightforward with the proposed exponential family representation and reduces to simple
addition of the natural parameters corresponding to the Gaussian component. Assuming a BG
distribution with natural parameters (κ1,γ1,Λ1) and a Gaussian distribution with (γ2,Λ2), the
product is a BG distribution with natural parameters (κ1,γ1 + γ2,Λ1 + Λ2). The same result
is obtained by modeling the BG distribution as the sum of a weighted Dirac delta at zero and
a weighted Gaussian distribution, i.e., (1 − λ1)δ(x) + λ1CN (x|µ1,C1), and then multiplying the
sum by the Gaussian distribution CN (x|µ2,C2) as proposed in [43]. The equivalence of the two
approaches is omitted for brevity.

Finally, we note that the proposed approach for the BG exponential family representation can
be readily extended to a broader class of probability distributions with an arbitrary number of
discrete point masses at arbitrary positions. Furthermore, the active part that is modeled by a
continuous Gaussian distribution in our work can be replaced by another continuous distribution
with exponential family representation. The kind of distributions that can be modeled by our
approach are related to the so-called spike and slab priors [44] where the discrete probability mass
characterizes the spike and the continuous probability distribution models the slab. This generality
makes the presented approach applicable to a wide range of problems in signal processing.

5 EP-based JACD Algorithms [1, 2]

In this section, we propose two novel EP-based JACD algorithms. The algorithms are derived
by first introducing a convenient factorization of p(U,H,Xd|Y,Xp) which induces a factor graph
as shown in Section 5.1. Then, we assign parametric exponential family representations to the
factors to approximate the APP distribution as discussed in Section 5.2. Different choices of these
approximate exponential family models yield the two proposed algorithms. Finally, EP message-
passing rules are applied to the factor graph as detailed in Section 5.4.

5.1 Factor Graph Representation

Similar to [29], we introduce the auxiliary variables gl,k := hl,kuk, and zl,kt := gl,kxkt to decouple
activities, channels, and data across UEs. We collect all auxiliary variables in the matrices G and
Z, respectively. The joint MAP estimator of the user activity, channel, data symbols, and auxiliary

9
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variables maximizes the APP distribution given by

p(U,H,Xd,G,Z|Y,Xp)

∝
L∏

l=1

K∏
k=1

T∏
t=1

[
p(yl,t|zl,1t,..., zl,Kt)· p(zl,kt|gl,k, xkt)

· p(gl,k|hl,k, uk)· p̃uk
(uk)· p̃hl,k

(hl,k)· px(xkt)
]
,

(13)

where the factorization follows from the independence of channel vectors across APs and UEs,
the independence of user activities across UEs, and the independence of data symbols across
UEs and time indices. The terms p̃uk

(uk) and p̃hl,k
(hl,k) denote refined prior information on

the user activity uk and the channel hl,k, respectively, which can be acquired by a pilot-based
initialization algorithm. One possible initialization algorithm is the joint activity detection and
channel estimation via expectation propagation (JAC-EP) algorithm presented in [2] an described
in Appendix B. We denote the resulting prior information for uk and hl,k by the two probabilities

p̃uk
(0) and p̃uk

(1), and by the channel mean vector µ̃hl,k
and covariance matrix C̃hl,k

, respectively.
The probability distributions in (13) are represented by factor nodes (rectangles) in the factor
graph illustrated in Fig. 3 and are given by

Ψyl,t
:= p(yl,t|zl,1t,..., zl,Kt) = CN

(
yl,t

∣∣∣∣ K∑
k=1

zl,kt, σ
2
nIN

)
, (14)

Ψzl,kt
:= p(zl,kt|gl,k, xkt) = δ(zl,kt − gl,kxkt), (15)

Ψgl,k := p(gl,k|hl,k, uk) = δ(gl,k − hl,kuk), (16)

Ψuk
:= p̃uk

(uk) = p̃uk
(0)1uk=0 + p̃uk

(1)1uk=1, (17)

Ψhl,k
:= p̃hl,k

(hl,k) = CN
(
hl,k

∣∣µ̃hl,k
, C̃hl,k

)
, (18)

Ψxkt
:= px(xkt) =

{
1xkt=xp

kt
for t ≤ Tp

1
M 1xkt∈X for t > Tp

. (19)

The variables in the above equations correspond to variable nodes (circles) in the factor graph.
The factor and variable nodes are organized to reflect their implementation at the CPU and the
APs. As shown in the factor graph, the CPU combines the information from the APs to estimate
user activities and data. In contrast, the channels are estimated locally in each AP and do not
need to be forwarded to the CPU.

5.2 EP Approximations and Fronthaul Load

To apply the EP message-passing rules to the factor graph in Fig. 3, we assign a parametric
distribution representation from the exponential family to each variable node to approximate the
corresponding APP distribution. Categorical distributions are chosen for the variables xkt and uk

whereas the variables zl,kt and hl,k are modeled by multivariate complex Gaussian distributions.
The variable gl,k is treated differently for the two proposed algorithms. In the JACD-EP algorithm,
gl,k follows a multivariate complex Gaussian distribution, whereas in the JACD-EP-BG algorithm,
gl,k is modeled by a BG vector as presented in Section 4. The parameters characterizing these
approximate posterior distributions constitute the messages propagated along the graph.

The fronthaul load is determined solely by the messages associated to xkt and uk. For t > Tp,
messages from and towards node xkt consist of M−1 probabilities while no messages are exchanged
for t ≤ Tp since the pilot symbols are known a priori. For uk, a single real-valued parameter
suffices to describe its distribution. Hence, the total fronthaul load per iteration amounts to
2LK(Td(M − 1) + 1) real-valued numbers where the factor two accounts for the bidirectional
exchange between CPU and APs.

10



CellFree6G Deliverable 4.2

10 4

1

58

9

AP 
Local Channel Estimation

CPU
Multi-User

Data Detection

CPU
User Activity Detection

10

2 3

4
1

5

7

8

9

6

1

10

Figure 3: Factor graph for the EP-based JACD algorithms with T := Tp + 1. The numbered red
dashed arrows show the flow of information according to the scheduling presented in Algorithm 1.
Each number corresponds to one message update in Algorithm 1.

5.3 Initialization and Scheduling

The proposed algorithms are initialized using the activity and channel estimates obtained from the
JAC-EP algorithm [2]. This pilot-based initialization algorithm provides the soft user-activity esti-
mates p̃uk

(uk) and channel distributions p̃hl,k
(hl,k), equivalently characterized by the expectation

of their sufficient statistics (µ̃hl,k
, C̃hl,k

) or their natural parameters (γ̃hl,k
, Λ̃hl,k

), which serve as
priors for the JACD-EP and the JACD-EP-BG algorithm. The exchanged messages are initialized
as follows. The initial mean vector and covariance matrix for the message mΨzl,kt

;zl,kt
∀k, l, t are

determined from the prior information on zl,kt induced by p̃uk
(uk), p̃hl,k

(hl,k), and px(xkt),
1

µΨzl,kt
;zl,kt

=

{
p̃uk

(1) · µ̃hl,k
· xp

kt for t ≤ Tp

0 for t > Tp

, (20)

CΨzl,kt
;zl,kt

=


p̃uk

(1)
(
C̃hl,k

+ µ̃hl,k
µ̃H

hl,k

· p̃uk
(0)
)
|xp

kt|
2 for t ≤ Tp

p̃uk
(1)
(
C̃hl,k

+ µ̃hl,k
µ̃H

hl,k

)
σ2
x for t > Tp

. (21)

1We compute the expectation of the sufficient statistics of zl,kt by exploiting the independence of uk, hl,k, and
xkt, e.g., the mean E

{
zl,kt

}
= E{uk}E

{
hl,k

}
E{xkt}. The same approach is applied to gl,k.

11
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Algorithm 1 JACD-EP∗ and JACD-EP-BG† Algorithm

Input: Pilot matrix Xp, transmit power σ2
x, received signal Y, noise variance σ2

n, prior distribu-
tions on user activities p̃uk

(uk) and channels p̃hl,k
(hl,k).

Output: Estimated activities ûk, channels ĥl,k, and data x̂kt.
1: ∀k, l, t: Initialize mΨzl,kt

;zl,kt
(20) (21).

2: ∀k, l, t: Initialize mgl,k;Ψzl,kt
{(22) (23)}∗ {(24) - (26)}†.

3: ∀k, l: Initialize mΨgl,k
;gl,k

{(22) (23)}∗ {(24) - (26)}†.
4: for i = 1 to imax do
5: ∀k, l, t: Update mΨyl,t

;zl,kt
(27) (28).

6: ∀k, l, t>Tp: Update mΨzl,kt
;xkt

(29).

7: ∀k, l, t>Tp: Update mxkt;Ψzl,kt
(31).

8: ∀k, l, t: Update mΨzl,kt
;gl,k

{(33) (34) via (35) (36)}∗ {(32) - (34) via (41) - (43)}†.
9: ∀k, l: Update mgl,k;Ψgl,k

{(46) (47)}∗ {(45) - (47)}†.
10: ∀k, l: Update mΨgl,k

;uk
(48)∗ (50)†.

11: ∀k, l: Update muk;Ψgl,k
(51).

12: ∀k, l: Update mΨgl,k
;gl,k

{(52) (53)}∗ {(59) - (61)}†.
13: ∀k, l, t: Update mgl,k;Ψzl,kt

{(63) (64)}∗ {(62) - (64)}†.
14: ∀k, l, t: Update mΨzl,kt

;zl,kt
(65) (66).

15: end for
16: return ûk (69) ∀k.
17: return ĥl,k (72) ∀k, l.
18: return x̂kt (71) ∀k, t > Tp.

Similarly, the initialization of the messages mΨgl,k
;gl,k

and mgl,k;Ψzl,kt
∀k, l, t are determined from

the prior information on gl,k and depends on the different EP approximations for gl,k. The
Gaussian variables gl,k in the JACD-EP algorithm are initialized as

µΨgl,k
;gl,k

= µgl,k;Ψzl,kt
= p̃uk

(1) · µ̃hl,k
, (22)

CΨgl,k
;gl,k

= Cgl,k;Ψzl,kt
= p̃uk

(1)
(
C̃hl,k

+µ̃hl,k
µ̃H

hl,k
·p̃uk

(0)
)
. (23)

In the JACD-EP-BG algorithm, the initialization of the BG variables gl,k is given by

λΨgl,k
;gl,k

= λgl,k;Ψzl,kt
= p̃uk

(1), (24)

µΨgl,k
;gl,k

= µgl,k;Ψzl,kt
= µ̃hl,k

, (25)

CΨgl,k
;gl,k

= Cgl,k;Ψzl,kt
= C̃hl,k

. (26)

All other messages are initialized using uninformative priors, namely, uniform distributions for
messages involving categorical variables, and zero-mean, zero-precision distributions for messages
involving Gaussian variables where the precision matrix is the inverse of the covariance matrix.
The uninformative BG distribution exhibits an activity probability equal to 0.5 and a zero-mean,
zero-precision Gaussian component.

After initialization, messages are updated according to the scheduling defined in Algorithm 1
and illustrated in Fig. 3 by the red dashed arrows. Algorithm 1 jointly describes both proposed
methods which follow the same scheduling and differ only in the message updates. We group
update rules for the two algorithms by brackets with different superscripts, i.e., {·}∗ for JACD-EP
and {·}† for JACD-EP-BG. Message updates without brackets are common to both algorithms.
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5.4 Message-Passing Update Rules

In this section, we present the EP message-passing rules used in the proposed algorithms. Detailed
derivations for the JACD-EP and the JACD-EP-BG algorithm can be found in the extended ver-
sion of [2]2 and Appendix D, respectively. For a BG random variable, the activity probability λ, the
mean vector µ, and the covariance matrix C can be readily expressed by the natural parameters
κ = log 1−λ

λ +µHC−1µ+log |πC|, γ=C−1µ, and Λ=C−1. The same relations hold for the param-
eters µ and C and natural parameters γ and Λ of a Gaussian random variable. In the following, we
freely switch between these two representations without explicitly mentioning the transformation;
whenever (λΨα;xβ

,µΨα;xβ
,CΨα;xβ

) are computed, the corresponding (κΨα;xβ
,γΨα;xβ

,ΛΨα;xβ
) fol-

low automatically and vice versa.
In the first step, the messagesmΨyl,t

;zl,kt
∀k, l, t are updated. These updates compute the Gaus-

sian beliefs of the auxiliary variables zl,kt based on the observation yl,t. In practice, the updating
rules perform soft interference cancellation using the current estimated interference µΨz

l,k′t
;zl,k′t

of all other users k′ ̸= k and modifying the covariance matrix accordingly. The message mean and
covariance are

µΨyl,t
;zl,kt

= yl,t −
∑
k′ ̸=k

µΨz
l,k′t

;zl,k′t
, (27)

CΨyl,t
;zl,kt

= σ2
nIN +

∑
k′ ̸=k

CΨz
l,k′t

;zl,k′t . (28)

These updated beliefs are used to generate the local categorical data symbol beliefs mΨzl,kt
;xkt

∀k, l, t > Tp at each AP. The message update is derived by evaluating how well the product gl,kxkt

matches the relation zl,kt = gl,kxkt which is obtained by sampling a Gaussian likelihood θ(xkt),
3

πΨzl,kt
;xkt

(xkt) ∝ θ(xkt), (29)

with

θ(xkt) = CN
(
0|µΨyl,t

;zl,kt
− µgl,k;Ψzl,kt

xkt,

CΨyl,t
;zl,kt

+Cgl,k;Ψzl,kt
|xkt|2

)
.

(30)

Then, all local data symbol beliefs are combined at the CPU. The message update mxkt;Ψzl,kt

∀k, l, t > Tp combines the categorical beliefs of the data symbol xkt from all APs l′ ̸= l and
forwards them to AP l,

πxkt;Ψzl,kt
(xkt) ∝

∏
l′ ̸=l

πΨz
l′,kt

;xkt
(xkt). (31)

The updated beliefs of the variables zl,kt and xkt are used to update the messages mΨzl,kt
;gl,k

∀k, l, t, yielding the beliefs of the auxiliary variable gl,k. The EP approach first generates the local
estimate of gl,k at the factor node Ψzl,kt

and then removes the knowledge induced by the message
mgl,k;Ψzl,kt

,

κΨzl,kt
;gl,k

= κ̂gl,kt
− κgl,k;Ψzl,kt

, (32)

γΨzl,kt
;gl,k

= γ̂gl,kt
− γgl,k;Ψzl,kt

, (33)

ΛΨzl,kt
;gl,k

= Λ̂gl,kt
−Λgl,k;Ψzl,kt

. (34)

Note that (32) is computed only for the JACD-EP-BG algorithm, whereas (33) and (34) are
evaluated for both algorithms. The computation of the parameters describing the local estimate

2https://arxiv.org/abs/2405.09914
3Note that θ(xkt) provides unnormalized probability values and πΨzl,kt

;xkt
(xkt) is obtained by normalization.
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of gl,k at Ψzl,kt
, i.e., κ̂gl,kt

, γ̂gl,kt
, and Λ̂gl,kt

, differs for the JACD-EP and the JACD-EP-BG
algorithm due to the different modeling of gl,k. For the JACD-EP algorithm, we compute the
Gaussian parameters

µ̂gl,kt
=

1

ZΨzl,kt

∑
xkt∈X̃

ϕ(xkt)

xkt
· µ̌zl,kt

(xkt), (35)

Ĉgl,kt
=

1

ZΨzl,kt

∑
xkt∈X̃

ϕ(xkt)

|xkt|2
·
(
Čzl,kt

(xkt)

+ µ̌zl,kt
(xkt) · µ̌H

zl,kt
(xkt)

)
− µ̂gl,kt

µ̂H
gl,kt

,

(36)

with X̃ = {xp
kt} for t ≤ Tp, X̃ = X for t > Tp, and

ϕ(xkt) = πxkt;Ψzl,kt
(xkt) · θ(xkt), (37)

γ̌zl,kt
(xkt) = γΨyl,t

;zl,kt
+ γgl,k;Ψzl,kt

xkt

|xkt|2
, (38)

Λ̌zl,kt
(xkt) = ΛΨyl,t

;zl,kt
+Λgl,k;Ψzl,kt

|xkt|−2, (39)

ZΨzl,kt
=
∑

xkt∈X̃

ϕ(xkt). (40)

Note that πxkt;Ψzl,kt
(xp

kt) = 1 for t ≤ Tp since the pilot symbol is known a priori. Hence, the

updates for the pilot part simplify to µ̂gl,kt
= µ̌zl,kt

(xp
kt)/x

p
kt and Ĉgl,kt

= Čzl,kt
(xp

kt)/|x
p
kt|2. For

the JACD-EP-BG algorithm, we compute the parameters of the local BG estimate of gl,k as

λ̂gl,kt
=

λgl,k;Ψzl,kt
· ϕ(x∗)

λgl,k;Ψzl,kt
· ϕ(x∗) + (1− λgl,k;Ψzl,kt

) · θ(0)
, (41)

γ̂gl,kt
= γΨyl,t

;zl,kt

|x∗|2

x∗ + γgl,k;Ψzl,kt
, (42)

Λ̂gl,kt
= ΛΨyl,t

;zl,kt
|x∗|2 +Λgl,k;Ψzl,kt

, (43)

with x∗ = xp
kt for t ≤ Tp and

x∗ = argmax
xkt∈X

ϕ(xkt), (44)

for t > Tp. Note that using (42) and (43) in (33) and (34), the message updates simplify to
γΨzl,kt

;gl,k
= γΨyl,t

;zl,kt
|x∗|2/x∗ and ΛΨzl,kt

;gl,k
= ΛΨyl,t

;zl,kt
|x∗|2, respectively. Furthermore, note

that we deviate here from the classical EP message-passing rule by computing the local estimate
of gl,k using the most likely symbol x∗ instead of averaging across all xkt ∈ X . This is necessary
in order to prevent the Gaussian part of the resulting BG belief to be close to zero which can lead
to a high number of false alarms.

Next, the messages mgl,k;Ψgl,k
∀k, l are updated by combining the beliefs of gl,k from all time

slots t ∈ {1, . . . , T} to generate the updated belief parameters

κgl,k;Ψgl,k
=

T∑
t=1

κΨzl,kt
;gl,k

, (45)

γgl,k;Ψgl,k
=

T∑
t=1

γΨzl,kt
;gl,k

, (46)

Λgl,k;Ψgl,k
=

T∑
t=1

ΛΨzl,kt
;gl,k

. (47)
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Similar as for the message mΨzl,kt
;gl,k

, (45) is computed only for the JACD-EP-BG algorithm,

whereas (46) and (47) are evaluated for both algorithms.
The updated beliefs of gl,k are then used to compute the local activity probabilities mΨgl,k

;uk

∀k, l at each AP. Here, the update differs for the two proposed algorithms. The categorical belief
for the JACD-EP algorithm is computed by evaluating how well the Gaussian belief of gl,k matches
with the prior of the channel hl,k,

πΨgl,k
;uk

(uk) ∝ ϑ(uk), (48)

with
ϑ(uk) = CN

(
0|µgl,k;Ψgl,k

− µ̃hl,k
uk,Cgl,k;Ψgl,k

+ C̃hl,k
uk

)
. (49)

For the JACD-EP-BG algorithm, the activity belief incorporates both the Bernoulli and the Gaus-
sian component of the BG variable gl,k,

πΨgl,k
;uk

(uk) ∝

{
1− λgl,k;Ψgl,k

for uk = 0

λgl,k;Ψgl,k
· ϑ(1) for uk = 1

. (50)

Then, for both the proposed algorithms, the CPU computes the message updates muk;Ψgl,k

∀k, l by combining the categorical beliefs of uk from all APs l′ ̸= l with the prior information and
forwards them to AP l,

πuk;Ψgl,k
(uk) ∝ p̃uk

(uk) ·
∏
l′ ̸=l

πΨg
l′,k

;uk
(uk). (51)

The belief of gl,k is then updated in the message mΨgl,k
;gl,k

∀k, l by combining the information

from the Bernoulli variable uk and the Gaussian variable hl,k. For the JACD-EP algorithm, this
is achieved by computing the local Gaussian estimate of gl,k at the factor node Ψgl,k and then
removing the contribution of mgl,k;Ψgl,k

,

γΨgl,k
;gl,k

= γ̂gl,k
− γgl,k;Ψgl,k

, (52)

ΛΨgl,k
;gl,k

= Λ̂gl,k
−Λgl,k;Ψgl,k

, (53)

with

µ̂gl,k
=

1

ZΨgl,k

·πuk;Ψgl,k
(1) · ϑ(1) · µ̌gl,k

, (54)

Ĉgl,k
=

1

ZΨgl,k

·πuk;Ψgl,k
(1) · ϑ(1) · (Čgl,k

+µ̌gl,k
µ̌H

gl,k
)

− µ̂gl,k
µ̂H

gl,k
,

(55)

and

γ̌gl,k
= γgl,k;Ψgl,k

+ γ̃hl,k
, (56)

Λ̌gl,k
= Λgl,k;Ψgl,k

+ Λ̃hl,k
, (57)

ZΨgl,k
= πuk;Ψgl,k

(0) · ϑ(0) + πuk;Ψgl,k
(1) · ϑ(1). (58)
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For the JACD-EP-BG algorithm, the BG belief of gl,k is given by

λΨgl,k
;gl,k

= πuk;Ψgl,k
(1), (59)

µΨgl,k
;gl,k

= µ̃hl,k
, (60)

CΨgl,k
;gl,k

= C̃hl,k
. (61)

Next, the messages mgl,k;Ψzl,kt
∀k, l, t are updated by combining the previously updated belief

of gl,k with the contributions from all time slots t′ ̸= t,

κgl,k;Ψzl,kt
= κΨgl,k

;gl,k
+
∑
t′ ̸=t

κΨz
l,kt′

;gl,k
, (62)

γgl,k;Ψzl,kt
= γΨgl,k

;gl,k
+
∑
t′ ̸=t

γΨz
l,kt′

;gl,k
, (63)

Λgl,k;Ψzl,kt
= ΛΨgl,k

;gl,k
+
∑
t′ ̸=t

ΛΨz
l,kt′

;gl,k
. (64)

The parameter in (62) is computed only for the JACD-EP-BG algorithm, whereas (63) and (64)
are common to both algorithms.

Lastly, the messages mΨzl,kt
;zl,kt

∀k, l, t are updated to form the Gaussian belief of zl,kt which

will be used in the next iteration for interference cancellation. The factor node Ψzl,kt
first computes

the local estimate of zl,kt based on the beliefs of gl,k and xkt and then removes the contribution
of mzl,kt;Ψzl,kt

,

γΨzl,kt
;zl,kt

= γ̂zl,kt
− γΨyl,t

;zl,kt
, (65)

ΛΨzl,kt
;zl,kt

= Λ̂zl,kt
−ΛΨyl,t

;zl,kt
, (66)

with the parameters describing the local estimate of zl,kt,

µ̂zl,kt
=

1

Zl,kt

∑
xkt∈X̃

ϕ(xkt) · µ̌zl,kt
(xkt), (67)

Ĉzl,kt
=

1

Zl,kt

∑
xkt∈X̃

ϕ(xkt) ·
(
Čzl,kt

(xkt)

+ µ̌zl,kt
(xkt) · µ̌H

zl,kt
(xkt)

)
− µ̂zl,kt

µ̂H
zl,kt

,

(68)

with X̃ = {xp
kt} for t ≤ Tp, X̃ = X for t > Tp, and the other parameters defined in (37)-(40).

Hence, the updates for t ≤ Tp simplify to µ̂zl,kt
= µ̌zl,kt

(xp
kt) and Ĉzl,kt

=Čzl,kt
(xp

kt).
Furthermore, to improve numerical stability and convergence, damping is applied in the up-

dating of all factor-to-variable messages using a parameter η ∈ [0, 1] as in [29, 45]: the updated
parameter is a convex combination of its value from the previous iteration and the newly computed
value at the factor node. Finally, messages involving a Gaussian component are updated only if
the resulting matrix parameter is positive definite; otherwise, the corresponding parameters from
the previous iteration are retained.

5.5 Final Estimation

From the final EP messages, the approximate APP distributions of the user activities, channels,
and data are obtained as the product of all the incoming messages at the corresponding variable
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nodes. The final estimates are then given by the MAP solution of these APPs,

ûk = argmax
uk∈{0,1}

p̃uk
(uk) ·

L∏
l=1

πΨgl,k
;uk

(uk), (69)

ĥl,k = argmax
hl,k∈CN

p̃hl,k
(hl,k) · pΨgl,k

;hl,k
(hl,k), (70)

x̂kt = argmax
xkt∈X

L∏
l=1

πΨzl,kt
;xkt

(xkt) for t > Tp. (71)

Assuming that UE k is active, the solution to (70) is Gaussian, yielding the following closed-form
estimate:

ĥl,k = Λ̂−1
hl,k

γ̂hl,k
, (72)

with

γ̂hl,k
= γ̃hl,k

+ γgl,k;Ψgl,k
, (73)

Λ̂hl,k
= Λ̃hl,k

+Λgl,k;Ψgl,k
. (74)

5.6 Computational Complexity and Scalability

In the following, we characterize the computational complexity order of the proposed algorithms
neglecting addition and subtraction costs. At the APs, the dominant computational burden for
both algorithms arises from the evaluation of the Gaussian likelihood in (30), which requires
computing the inverse and determinant of N−dimensional covariance matrices. This computation
is performed KTd times for every constellation symbol xkt ∈ X and exhibits a complexity of
O(N3). Consequently, the per-iteration computational complexity is O(MN3KTd) at every AP.
From a network scalability perspective, the key observation is that the computational load at the
APs scales linearly with the number of UEs K. This dependency can be strongly mitigated by
pruning UEs with negligible large-scale fading coefficients, i.e., UEs that are unlikely to contribute
meaningfully to the received signal. Such a modification reduces the effective number of UEs
processed at each AP without altering the core algorithmic structure.

The complexity at the CPU for both algorithms is mainly determined by the combination of
symbol beliefs in (31) which has a complexity order of O(LMKTd). Hence, the CPU complex-
ity scales linearly with both the number of UEs and APs, which may limit scalability in very
large networks. Nevertheless, the processing of different symbols at the CPU is fully decoupled,
enabling straightforward parallel and/or distributed implementations that can effectively remove
this scalability bottleneck.

6 Numerical Results

In this section, we evaluate the performance of the proposed EP-based JACD algorithms via
extensive Monte Carlo simulations. We consider a square network area of 500×500m2 comprising
L = 25 single-antenna APs, i.e., N = 1, placed on a uniform grid at the positions {(50 + i ·
100, 50 + j ·100)m | i, j ∈ {0, 1, 2, 3, 4}} and a height of 10 m. The receiver noise power at each
AP is set to σ2

n = −96 dBm. A total of K = 40 UEs are uniformly and independently placed at
random ground locations, each with an activity probability λ = 0.3. An active UE transmits Tp

pilot symbols and Td = T − Tp 4-quadrature amplitude modulation (QAM) data symbols with
constant transmit power σ2

x = 16dBm. The Tp columns of the pilot matrix Xp are chosen from the
K ×K discrete Fourier transform (DFT) matrix such that the maximum inner product between
any two different pilot sequences is minimized, thereby minimizing the mutual coherence [46].
Due to the limited pilot sequence length and number of UEs in our simulations, the optimal pilot
sequences can be found by a full search. For larger systems, optimization-based pilot designs such
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Figure 4: Performance metrics versus pilot sequence length for L = 25, N = 1, K = 40, λ = 0.3,
and T = 60.
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Figure 5: CDFs of performance metrics for L = 25, N = 1, K = 40, λ = 0.3, T = 60, and Tp = 6.

as those proposed in [38,46] would be required. The large-scale fading coefficients follow the 3GPP
urban microcell model that incorporates correlated shadow fading [47, Sec. 2.5.2]. Furthermore,
we assume a channel coherence time of T = 60 which corresponds to 16ms using a subcarrier
spacing of 3.75 kHz as defined in narrowband-IoT over 5G [48]. This choice aligns with the channel
coherence time of practical channels, especially low mobility use cases, and, at the same time, limits
the number of jointly processed symbols, hence, reducing overall computational complexity and
latency. In practice, the number of jointly processed symbols can be chosen arbitrarily according to
the complexity and delay requirements, provided that all processed symbols remain within the same
channel coherence interval. Note that in the simulation we implement sequentially an algorithm
that should be implemented in parallel in a distributed setting. Furthermore, the computations
within the CPU and each AP can be parallelized as well. Hence, the algorithm is still scalable even
for larger systems which are, however, not considered here for limiting the simulation complexity.

Both the JACD-EP and JACD-EP-BG algorithm use the JAC-EP algorithm from [2] for
pilot-based initialization. For benchmarking, we consider the centralized linear MMSE MIMO
detector [25] using (1) imperfect activity and channel information obtained from the JAC-EP al-
gorithm and (2) genie-aided perfect activity and channel knowledge. Additionally, we consider
the genie-aided MMSE channel estimator with perfectly known data symbols and the bilinear-EP
algorithm [30] with perfect UE activity knowledge and pilot-based MMSE channel estimation ini-
tialization as performance upper bounds. All the iterative EP-based algorithms employ a damping
parameter of η = 0.5 and perform 20 iterations.

The performance is assessed in terms of the detection error rate (DER) for UE activity detection,
the normalized mean squared error (NMSE) for channel estimation, and the symbol error rate
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(SER) for data detection. The performance metrics are averaged across all UEs. The DER, which
incorporates misdetections and false alarms, is computed as DER := E{

∑
k 1uk ̸=ûk

/K}, the NMSE

of the channel estimate Ĝ = ĤÛ is defined as NMSE :=
E{||G−Ĝ||2F}
E{||G||2F}

with G = HU, and the SER

is given by SER := E
{∑

k

∑
t 1xd

kt ̸=x̂d
kt
/(KTd) |uk = 1

}
. Note that as active UEs are erroneously

classified as inactive, the corresponding data symbol estimates are randomly chosen from the
symbol constellation X , leading to a higher SER in case of misdetections. The expectation operator
in the definitions above is computed with respect to the UE activity, channel, and noise realizations.
The results in Fig. 4 are obtained by averaging over 103 block transmissions, each with independent
UE positions and activities. Fig. 4 illustrates the three performance metrics as a function of the
pilot sequence length Tp, which reflects the strength of PC. The proposed algorithms outperform
the JAC-EP initialization algorithm in terms of DER and NMSE. The DER performance enhances
steadily with increasing Tp, whereas the NMSE performance saturates and approaches the MMSE
lower bound for Tp > 6 due to the fixed coherence block length T = 60. Furthermore, the
proposed EP-based algorithms significantly outperform the linear MMSE MIMO detector in terms
of the SER. The proposed algorithms reach the same performance and even outperform the genie-
aided linear MMSE MIMO detector with perfect activity and channel knowledge for Tp > 6. A
noticeable performance gap remains with respect to the genie-aided bilinear-EP algorithm due
to the challenging UE activity detection under PC. Hence, we can conclude that the overall
system performance is limited by the activity detection capability. Furthermore, the JACD-EP-BG
algorithm outperforms the JACD-EP algorithm for small Tp which corresponds to strong PC.

Next, we investigate the quality of service (QoS) distribution within the network by evaluating
the empirical cumulative distribution functions (CDFs) of the DER, NMSE, and SER in Fig. 5. The

three metrics are computed per UE, i.e., DERk := E{1uk ̸=ûk
}, NMSEk :=

E{||gk−ĝk||2}
E{||g||2} with ĝk

and gk being the kth column of Ĝ and G, respectively, and SERk := E
{∑

t 1xd
kt ̸=x̂d

kt
/Td |uk = 1

}
.

The CDFs are obtained by considering 100 different realizations of the UE positions, resulting in
100 ·K = 4000 data points. For each realization, the metrics are averaged over 103 independent
block transmissions, accounting for UE activity, small-scale fading, and noise realizations. Pilot
sequences of length Tp = 6 are used. Fig. 5 shows again the superior performance of the proposed
algorithms. Furthermore, it can be observed that the JACD-EP-BG algorithm outperforms the
JACD-EP algorithm, especially for UEs experiencing good propagation conditions.

7 Further Performance Analysis

In this section, we further investigate the performance under PC and how to reduce the fronthaul
load for the EP-based JACD algorithms. We focus on the JACD-EP algorithm. Similar results can
be obtained for the JACD-EP-BG algorithm. We investigate the performance under stronger PC
compared to the simulations presented Section 6 by employing randomly generated pilot sequences
instead of mutual coherence-optimized pilot sequences. Furthermore, in order to control the level
of PC, we introduce a minimum distance constraint between UEs. The fronthaul load is reduced
by performing multiple local iterations at the APs before sharing information with the CPU via
the fronthaul. Additionally, a new scheduling scheme for the message passing is investigated. More
details on these approaches are provided in the following.

7.1 Simulations with Randomly Generated Pilot Sequences [2]

We consider a network of size 400×400m with L = 16 APs placed on a regular grid at the following
positions {(50+i·100, 50+j·100)m | i, j ∈ {0, 1, 2, 3}} and a height of 10 m. On the ground, K = 16
UEs are deployed according to a uniform point process (UPP). We consider 100 different outcomes
of the UPP. For each UPP outcome, the large-scale fading coefficients are deterministic and
computed according to the 3GPP urban microcell model [25] whereas for the random variables,
i.e., small-scale fading coefficients, activities, and pilot sequences, we generate 103 realizations.
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Figure 6: Numerical results for L = 16, N = 1, K = 16, λ = 0.5, Tp = 8, Td = {10, 30}, and
random BPSK pilots.

This allows us to analyze the QoS distribution in the network. The activity probability of all
users is set to λ = 0.5, and the transmit power is σ2

x = 16dBm. Furthermore, random binary
phase-shift-keying (BPSK) pilot sequences of length Tp = 8 are utilized and Td = {10, 30} 4-QAM
symbols are transmitted during the data transmission phase. The noise power at each AP is
set to σ2

n = −96 dBm. As benchmark schemes, we consider the centralized linear MMSE data
detector and the Gaussian belief propagation (GaBP) algorithm in [38]. Both of these schemes are
initialized by the multiple measurement vector AMP (MMV-AMP) algorithm in [14]. Besides, we
consider the genie-aided centralized linear MMSE detector with perfect UE activity and channel
knowledge. For all iterative algorithms, the damping parameter is η = 0.5. Furthermore, the
maximum number of iterations for the MMV-AMP algorithm is set to 200, whereas the GaBP-
and EP-based algorithms perform 20 iterations.

For assessing the user activity detection, channel estimation, and data detection performance,
we consider the empirical CDFs of the DER, the NMSE, and the SER, respectively. The empirical
CDFs are obtained considering all UEs in each UPP outcome whereas DER, NMSE, and SER
are computed by averaging over the 103 small-scale fading and UE activity realizations generated
for each UPP outcome. The DER is defined as the ratio of the number of erroneously classified
UE activities and the total number of UE activity realizations, i.e., DER := E{1ûk ̸=uk

}, and
includes both misdetections and false alarms. The corresponding simulation results are illustrated
in Fig. 6a. The NMSE and SER are considered naturally for active users only, i.e., NMSE :=

E
{

||ĥk−hk||
||hk||

∣∣ uk = 1
}
, SER := E{1x̂kt ̸=xkt

| uk = 1, t > Tp}. Furthermore, in the computation of

the NMSE, we neglect weak channels, i.e., channels whose large-scale fading coefficient multiplied
by the transmit power is smaller than the noise power at the APs, to avoid taking into account
errors on weak and insignificant channels. The channel estimation and data detection performance
is depicted in Figs. 6b and 6c, respectively. The results illustrate the advantages of using jointly
pilot and data sequences for both data and activity detection and the superior performance of
the JACD-EP algorithm compared to state-of-the-art benchmark schemes. Furthermore, it can
be observed that an increase of the data length improves the performance with respect to all
considered metrics.

7.2 Minimum User Distance Constraint

PC occurs due to the use of non-orthogonal pilot sequences. The level of PC is determined by
the correlation between the different pilot sequences. However, in a distributed architecture as
in CF-MaMIMO networks, the level of PC also depends on the distance between APs and UEs.
Two UEs which are close to each other will cause strong interference, resulting in strong PC.
In the following, we investigate how the geographical distance between UEs affect the system
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Figure 7: Network realization with different minimum UE distance constraints d.

Figure 8: CDF of DER with minimum distance constraint between UEs.

performance. For this, we introduce a minimum UE separation distance d, i.e., two UEs are
always at least d meters apart from each other. This is illustrated in Fig. 7 for three different
values of d ∈ {0, 40, 80}m. Here, the network area of 400 × 400m is shown with the AP and UE
positions. The circles around the UEs visualizes the minimum UE distance constraint.

In the following, the same simulation parameters are considered as in Section 7.1 except that
T = 26 and Tp ∈ {8, 16} depending on the scenario with and without PC, respectively. For Tp = 8,
random BPSK pilot sequences are transmitted by the UEs, whereas for Tp = 16 orthogonal pilot
sequences are used. The minimum UE distance constraint is set to d ∈ {0, 40, 80}m. Figs. 8, 9,
and 10 show the effect of the user distance constraints on the system performance. In scenarios
without PC, the performance remains consistent regardless of the user distance. However, in sys-
tems affected by PC, increasing the distance between users leads to an improvement in performance
for both algorithms. This shows the effective exploitation of geographical UE separation in the
JACD-EP algorithm for pilot decontamination.

7.3 Reduced Fronthaul Load

Distributed signal processing algorithms in CF-MaMIMO systems aim to enable scalability and re-
duce the computational load on the CPU by allowing APs to locally process received signals before
forwarding information to the CPU. However, this approach presents significant challenges. A ma-
jor issue is the frequent usage of fronthaul links, as messages are iteratively exchanged between the
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Figure 9: CDF of SER with minimum distance constraint between UEs.

Figure 10: CDF of NMSE with minimum distance constraint between UEs.

APs and the CPU for JACD via the JACD-EP algorithm. This iterative communication increases
fronthaul load, particularly when many iterations are needed for improved performance. Hence,
developing efficient scheduling strategies that optimize the balance between local and centralized
processing is crucial for addressing these issues and ensuring the scalability and practicality of
CF-MaMIMO for future wireless networks.

The proposed modified scheduling the JACD-EP algorithm introduces an alternative fronthaul
communication strategy to reduce the fronthaul load by selectively enabling message exchanges
between APs and the CPU. In the original JACD-EP algorithm, fronthaul communication occurs
during every EP iteration, i.e., the number of fronthaul uses nfh is equal to the number of EP
iterations imax, which can be demanding in terms of fronthaul capacity. The proposed strategy
reduces the fronthaul load by allowing fronthaul communication only at specific EP iterations,
determined by the scheduling rule

round

(
i · imax

nfh

)
, i ∈ {1, 2, . . . , nfh}. (75)

In this modified framework, the scheduling of messages the mΨzl,kt
;xkt

and mΨgl,k
;uk

(from APs

to CPU) and mxkt;Ψzl,kt
and muk;Ψgl,k

(from CPU to APs) is adjusted. When the fronthaul

communication is disabled, updated information is not exchanged; instead, the algorithm relies on
values from the previous iteration. This selective communication reduces computational complexity
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Figure 11: CDF of DER with reduced fronthaul load.

Figure 12: CDF of SER with reduced fronthaul load.

at the CPU and fronthaul usage while maintaining effective iterative refinement of activity, channel,
and data estimates, ensuring a balance between system performance and efficiency.

For the following simulations, the same parameters are used as in Section 7.1 with a different
number of data symbols Td = 14 and random BPSK pilot sequences of length Tp = 4. Further-
more, we set the number of EP iterations to imax = 30 and vary the number of fronthaul uses nfh.
The simulation results are shown in Figs. 11, 12, and 13. The JACD-EP algorithm outperforms
the centralized MMSE data detector, even with a small number of fronthaul uses since the MMSE
data detector relies solely on the initial channel estimates for data detection, while JACD-EP re-
fines estimates through iterative processing. Furthermore, it can be observed that the JACD-EP
algorithm with nfh = 10 fronthaul uses already performs as good as with exhaustive fronthaul com-
munication nfh = imax = 30, i.e., reducing the fronthaul load by 67% with negligible performance
degradation. This shows the efficacy of the proposed fronthaul scheduling scheme and the general
possibility to reduce the fronthaul load for iterative distributed algorithms.

Finally, we consider a new scheduling scheme that addresses the sequential updating ofmΨzl,kt
;xkt

and mΨgl,k
;uk

. So far, first, each AP sends data symbol information to the CPU, then receives

updated data symbol information from the CPU, and subsequently uses this updated information
to compute new beliefs about user activities, which are then shared with the CPU. This sequential
scheduling results in two fronthaul transmissions per iteration, increasing latency and communica-
tion overhead. To optimize the process, it is necessary to develop a more efficient scheduling scheme
that enables the computation of message updates with only a single fronthaul transmission per
iteration, thereby reducing the communication cost and improving system efficiency. To optimize

23



CellFree6G Deliverable 4.2

Figure 13: CDF of NMSE with reduced fronthaul load.

this scheduling in the JACD-EP algorithm, the transmission of beliefs on data symbols and user
activities is modified to occur simultaneously. The revised scheduling addresses this inefficiency by
forwarding the beliefs on data symbols (message update #2) and user activities (message update
#6) from the APs to the CPU at the same time. Similarly, the information transfer from the CPU
back to the APs (message updates #3 and #7) is performed simultaneously. The new message
update scheduling is given by 1 → 4 → 5 → 2 → 6 → 3 → 7 → 8 → 9 → 10 where the number
describes the message update shown in Fig. 3 as red number. The corresponding simulation results
did not show significant performance changes compared to the original scheduling, hence, we do
not show these plots here. This means that the algorithm with the new scheduling attains the
same performance as illustrated in Figs. 11, 12, and 13. Hence, we can conclude that we do not
loose in performance by deviating from the sequential updating of mΨzl,kt

;xkt
and mΨgl,k

;uk
which

results in a lower fronthaul overhead.

8 Conclusion

In this Task 4.2, we considered the uplink of a GF-CF-MaMIMO system and tackled the JACD
problem for massive MTC under PC. We developed an EP-based framework for distributed and
scalable JACD by appropriately factorizing the APP distribution and applying EP message passing
on the associated factor graph. Within this framework, we employed accurate categorical prob-
ability distributions for user activities and data, and Gaussian or BG probability distributions
for the channels, resulting in the JACD-EP and the JACD-EP-BG algorithms, respectively. To
support the latter, we developed an exponential family representation of the BG distribution. The
proposed framework is inherently scalable with respect to both the number of APs and UEs. The
message-passing structure enables straightforward extensions toward fully distributed implementa-
tions, while the computational complexity at each AP scales linearly with the number of UEs in its
coverage area. The numerical results showed that the proposed algorithms exhibit strong robust-
ness against PC and outperform state-of-the-art algorithms in terms of DER, NMSE, and SER.
Then, we further analyzed the performance of the proposed bilinear-EP algorithm under randomly
generated pilot sequences, which results in stronger PC, minimum UE distance constraints, which
makes the level of PC in the network controllable to some extent, and under reduced fronthaul
capabilities. The results showed that the algorithm performs effective pilot decontamination under
different levels of PC and that a reduction of the fronthaul load and overhead is feasible with
negligible performance degradation.
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A Proof of the Bernoulli-Gaussian Product Lemma

Using the exponential family representation of BG distributions, BG(x|λi,µi,Ci)

= eη
H
BG,iuBG(x)−ABG(ηBG,i), i = {1, 2}, the product of two BG distributions is given by

BG(x|λ1,µ1,C1) · BG(x|λ2,µ2,C2)

= e(ηBG,1+ηBG,2)
H
uBG(x)−ABG(ηBG,1+ηBG,2)

· eABG(ηBG,1+ηBG,2)−ABG(ηBG,1)−ABG(ηBG,2)

= BG(x|λ,µ,C) · eABG(ηBG,1+ηBG,2)−ABG(ηBG,1)−ABG(ηBG,2). (76)

The first factor in (76) is a normalized BG distribution with vector of natural parameters ηBG =
ηBG,1 + ηBG,2, or equivalently, κ = κ1 + κ2, γ = γ1 + γ2, and Λ = Λ1 +Λ2. From γ and Λ, the
covariance matrix and mean of the Gaussian component in (11) and (12), respectively, immediately
follows. Recall that AG(ηG) = log 1

e−AG(ηG) = log 1
CN(0|µ,C) . Now, using the Gaussian product

lemma and denoting ηG = ηG,1 + ηG,2, the first natural parameter can be rewritten as

κ = κ1 + κ2

= log
( (1− λ1)(1− λ2)

λ1λ2
· 1

CN (0|µ1,C1) CN (0|µ2,C2)

)
= log

( (1− λ1)(1− λ2)

λ1λ2

· 1

CN (0|µ,C) CN (0|µ1 − µ2,C1 +C2)

)
= log

( (1−λ1)(1−λ2)

λ1λ2
· 1

CN (0|µ1−µ2,C1+C2)

)
+AG(ηG),

(77)

where C and µ are given by (11) and (12), respectively. Using the relation λ = 1
1+eκ−AG(ηG)

together with (77) yields (10). Noting that eABG(ηBG) = eAG(ηG)−log λ = eAG(ηG) · 1
λ = 1

λ·CN(0|µ,C)

and applying the Gaussian product lemma and (10), it can be shown that the normalization
constant for the BG product given in (76) is equal to the normalization constant stated in (9).

B JAC-EP Initialization Algorithm [2]

The JAC-EP algorithm can be obtained by running the JACD-EP algorithm for the pilot part only,
i.e., for t ≤ Tp, with priors puk

(uk) and phl,k
(hl,k). However, since we do not have to estimate the

symbols xkt during initialization, the factorization of the APP and the corresponding factor graph
and algorithm simplify. In the following, we describe the simplified JAC-EP algorithm in more
detail. We use the same system model and notation as in the main body of this document except
that we only consider signals in the pilot phase, i.e., 1 ≤ t ≤ Tp.

B.1 Factor Graph Representation

The task of the JAC-EP algorithm is to find initial estimates on the user activities and channels.
Hence, the factorized APP distribution with auxiliary variables gl,k := hl,kuk is given by

pAPP(U,H,G) ∝
L∏

l=1

K∏
k=1

Tp∏
t=1

[
p(yl,t|gl,1,...,gl,K) · p(gl,k|hl,k, uk) · puk

(uk) · phl,k
(hl,k)

]
. (78)

25



CellFree6G Deliverable 4.2

CPU
User Activity Detection

AP 
Local Channel Estimation

3

1 6

2 5

4

Figure 14: Factor graph for JAC-EP. The numbered red dashed arrows show the flow of infor-
mation according to the scheduling presented in Algorithm 2. Each number corresponds to one
message update in Algorithm 2.

In contrast to (13), the auxiliary variables zl,kt are irrelevant since the pilot symbols xkt are
assumed to be known. The probability distributions in (78) are given by

Ψyl,t
:= p(yl,t|gl,1,...,gl,K) = CN

(
yl,t

∣∣∣∣∣
K∑

k=1

gl,kxkt, σ
2
nIN

)
, (79)

Ψuk
:= puk

(uk) = (1− λ)1uk=0 + λ1uk=1, (80)

Ψhl,k
:= phl,k

(hl,k) = CN
(
hl,k

∣∣0,Ξl,k

)
, (81)

and Ψgl,k := p(gl,k|hl,k, uk) is given in (16). The corresponding factor graph is illustrated in
Fig. 14.

B.2 EP Approximations and Fronthaul Load

We choose the same approximate exponential family distributions for the variable nodes as in the
JACD-EP algorithm, i.e., activities uk are modeled by categorical distributions whereas auxil-
iary variables gl,k and channels hl,k are modeled by multivariate complex Gaussian distributions.
Therefore, messages from and towards uk consist of one probability value which yields a fronthaul
load of 2LK real-valued numbers. Messages involving gl,k and hl,k consist of complex-valued vec-

26



CellFree6G Deliverable 4.2

Algorithm 2 JAC-EP Algorithm

Input: Pilot matrix Xp, received pilot signal Yp, noise variance σ2
n, user activity probability λ,

channel correlation matrices Ξl,k.

Output: Estimated activities ûk and channels ĥl,k.
1: ∀k, l, t ≤ Tp: Initialize mΨgl,k

;gl,k
and mgl,k;Ψyl,t

via (82), (83).

2: for i = 1 to imax do
3: ∀k, l, t ≤ Tp: Update mΨyl,t

;gl,k
via (90), (91)/(92).

4: ∀k, l: Update mgl,k;Ψgl,k
via (94), (95).

5: ∀k, l: Update mΨgl,k
;uk

via (96).

6: ∀k, l: Update muk;Ψgl,k
via (93).

7: ∀k, l: Update mΨgl,k
;gl,k

via (97), (98).

8: ∀k, l, t ≤ Tp: Update mgl,k;Ψyl,t
via (88), (89).

9: end for
10: return ûk calculated via (84) ∀k.
11: return ĥl,k calculated via (85) ∀k, l.

tors and matrices of dimension N and N×N , respectively, which do not contribute to the fronthaul
load since they are only processed within an AP.

B.3 Initialization, Scheduling, and Estimation

As indicated in Appendix B.1, the prior distributions puk
(uk) and phl,k

(hl,k) are used for initializing
the JAC-EP algorithm. The initial mean vector and covariance matrix of mΨgl,k

;gl,k
and mgl,k;Ψyl,t

∀k, l, t ≤ Tp are set according to the prior information on gl,k,

µΨgl,k
;gl,k

= µgl,k;Ψyl,t
= 0, (82)

CΨgl,k
;gl,k

= Cgl,k;Ψyl,t
= λ ·Ξl,k. (83)

For all other messages, an uninformative initialization is chosen. Then, we update all the messages
according to the scheduling given in Algorithm 2 which is illustrated in Fig. 14 as red dashed
arrows. Finally, the estimates of the user activities and channels are computed by

ûk = argmax
uk∈{0,1}

p̂uk
(uk), (84)

ĥl,k = argmax
hl,k∈CN

p̂hl,k
(hl,k) =

1

Zl,k
πuk;Ψgl,k

(1)ϑ(1) µ̌l,k, (85)

with the approximations of the posterior distributions

p̂uk
(uk) ∝ puk

(uk) ·
L∏

l=1

πΨgl,k
;uk

(uk), (86)

p̂hl,k
(hl,k) ∝ phl,k

(hl,k) · CN
(
hl,k

∣∣µΨgl,k
;hl,k

,CΨgl,k
;hl,k

)
. (87)

and πuk;Ψgl,k
(uk), ϑ(uk), µ̌l,k, Zl,k, πΨgl,k

;uk
(uk), µΨgl,k

;hl,k
, andCΨgl,k

;hl,k
defined in Appendix B.4.

As in the JACD-EP algorithm, we apply damping to the factor-to-variable messages with
damping parameter η ∈ [0, 1] Furthermore, we update the parameters of mΨgl,k

;gl,k
in line 7 of

Algorithm 2 only if the new covariance matrix obtained by (97) is symmetric positive definite.
Otherwise, we keep the parameters from the previous iteration.
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B.4 Message-Passing Update Rules

In this section, we present the EP message-passing update rules for the factor graph in Fig. 14.
Detailed derivations are omitted since they are very similar to the ones presented in Appendix D.
As in the description of the JACD-EP algorithm, we switch between the representation of a Gaus-
sian via the mean vector and covariance matrix and the natural parameters without explicitly
mentioning the transformation.
Update of mgl,k;Ψyl,t

:

Λgl,k;Ψyl,t
= ΛΨgl,k

;gl,k
+
∑
t′ ̸=t

ΛΨy
l,t′

;gl,k
. (88)

γgl,k;Ψyl,t
= γΨgl,k

;gl,k
+
∑
t′ ̸=t

γΨy
l,t′

;gl,k
, (89)

Update of mΨyl,t
;gl,k

:

µΨyl,t
;gl,k

=

yl,t −
∑
k′ ̸=k

µgl,k′ ;Ψyl,t
xk′t

 · x−1
kt , (90)

CΨyl,t
;gl,k

=

σ2
nIN +

∑
k′ ̸=k

Cgl,k′ ;Ψyl,t
|xk′t|2

 · |xkt|−2. (91)

Note that the modification for PC described in Section B.5 can be used to enhance the performance
of the JAC-EP algorithm. The update in (91) is then given by

CΨyl,t
;gl,k

=

σ2
nIN +

∑
k′∈Pk

Ξl,k|xp
k′t|

2 +
∑
k′ ̸=k

Cgl,k′ ;Ψyl,t
|xk′t|2

 · |xkt|−2. (92)

Update of muk;Ψgl,k
:

πuk;Ψgl,k
(uk) ∝ puk

(uk) ·
∏
l′ ̸=l

πΨg
l′,k

;uk
(uk), (93)

Update of mgl,k;Ψgl,k
:

Λgl,k;Ψgl,k
=

Tp∑
t=1

ΛΨyl,t
;gl,k

, (94)

γgl,k;Ψgl,k
=

Tp∑
t=1

γΨyl,t
;gl,k

. (95)

Update of mΨgl,k
;uk

:

πΨgl,k
;uk

(uk) ∝ ϑ(uk), (96)

with
ϑ(uk) = CN (0|µgl,k;Ψgl,k

,Cgl,k;Ψgl,k
+Ξl,kuk).

Update of mΨgl,k
;gl,k

:

ΛΨgl,k
;gl,k

= Λ̂l,k −Λgl,k;Ψgl,k
, (97)

γΨgl,k
;gl,k

= γ̂l,k − γgl,k;Ψgl,k
, (98)
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with

µ̂l,k =
1

Zl,k
·πuk;Ψgl,k

(1) · ϑ(1) · µ̌l,k,

Ĉl,k =
1

Zl,k
·πuk;Ψgl,k

(1) · ϑ(1) · (Čl,k+µ̌l,kµ̌
H
l,k)−µ̂l,kµ̂

H
l,k.

Zl,k = πuk;Ψgl,k
(0) · ϑ(0) + πuk;Ψgl,k

(1) · ϑ(1)

Λ̌l,k = Λgl,k;Ψgl,k
+Ξ−1

l,k ,

γ̌l,k = γgl,k;Ψgl,k
.

B.5 Modification for Pilot Contamination

Since the number of UEs is larger than the pilot sequence length, PC will naturally occur and
degrade the performance. In the following, we propose a simple heuristic approach to account for
PC. The efficacy of the proposed approach was verified via simulations.

The adverse effect of PC is particularly pronounced for UEs that share fully-correlated pilot
sequences, i.e., the same pilot sequence or a rotated version of it, and are close to each other. For
these cases, we propose to add a correction term to the covariance matrix in (28) for t ≤ Tp when
generating the prior information via the pilot-based JAC-EP initialization algorithm. We denote
the set of UEs which use fully-correlated pilot sequences with respect to UE k by Pk. By adding
the covariance matrix of the received signals from UEs in Pk which cause PC to UE k at AP l
to the covariance matrix in (28), we decrease the reliability of information coming from the factor
node Ψyl,t

especially when pilot-sharing users are close to the considered AP. Then, the covariance
matrix with the correction term is given by

CΨyl,t
;zl,kt

= σ2
nIN +

∑
k′∈Pk

Ξl,k|xp
k′t|

2 +
∑
k′ ̸=k

CΨz
l,k′t

;zl,k′t . (99)

C Properties of Gaussian Distributions

Lemma 1 (Gaussian Product Lemma). The product of two Gaussian distributions yields a new
unnormalized Gaussian distribution,

CN (x|µ1,C1) · CN (x|µ2,C2) = CN (x|µ,C) · CN (0|µ1 − µ2,C1 +C2) (100)

with

C =
(
C−1

1 +C−1
2

)−1
, (101)

µ = C
(
C−1

1 µ1 +C−1
2 µ2

)
. (102)

Proof. See [45,49].

Lemma 2 (Gaussian Quotient Lemma). The quotient of two Gaussian distributions yields a new
unnormalized Gaussian distribution,

CN (x|µ1,C1) /CN (x|µ2,C2) ∝ CN (x|µ,C) (103)

with

C =
(
C−1

1 −C−1
2

)−1
, (104)

µ = C
(
C−1

1 µ1 −C−1
2 µ2

)
. (105)

Proof. Follows from Lemma 1 by considering CN (x|µ1,C1) ∝ CN (x|µ,C) · CN (x|µ2,C2).
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Lemma 3 (Gaussian Scaling Lemma). Let x ∈ CN be a proper N -dimensional complex Gaussian
random vector, x ∼ CN (x|µ,C), and let y = cx with c being a scalar constant. Then, y is a
proper complex Gaussian random vector with mean cµ and covariance matrix |c|2 C, i.e., y ∼
CN
(
y | cµ, |c|2 C

)
. Additionally, its PDF can be written in terms of the PDF of x as

CN
(
y | cµ, |c|2 C

)
= |c|−2N · CN

(
c−1 y|µ,C

)
. (106)

Proof. This lemma can be proven by applying the rules for transformations of random variables [50].

D Derivation of Message-Passing Update Rules

In the following, we briefly present the general message-passing update rules for EP on graphs.
Next, we derive the message-passing rules for the JACD-EP-BG algorithm presented in Section 5.4.
For brevity, we focus on factor-to-variable messages. Variable-to-factor messages can be easily de-
rived by using the corresponding general EP message-passing update rule in (107) and the fact
that (107) is applied to exponential family distributions, which makes the computation of prod-
ucts straightforward. Detailed derivations of the message-passing rules utilized in the JACD-EP
algorithm can be found in the extended version of [2].

D.1 Expectation Propagation on Graphs

Consider a factor graph with factor nodes Ψα and variable nodes xβ . Let xα be the vector
containing all variables connected to Ψα. Let Nβ denote the set of neighboring factor node indices
of xβ , i.e., Nβ = {α |xβ ⊆ xα}. The variable-to-factor message mxβ ;Ψα is obtained by computing
the parameters of the following distribution,

pxβ ;Ψα(xβ) ∝
∏

α′∈Nβ\α

pΨα′ ;xβ
(xβ). (107)

The factor-to-variable message mΨα;xβ
is computed by determining the parameters of

pΨα;xβ
(xβ) ∝

proj
{
qΨα;xβ

(xβ)
}

pxβ ;Ψα
(xβ)

, (108)

where the distribution qΨα;xβ
(xβ) is given by

qΨα;xβ
(xβ) =

1

ZΨα

∫
Ψα(xα)

∏
β′∈Nα

pxβ′ ;Ψα
(xβ′) dxα\xβ . (109)

The distribution qΨα;xβ
(xβ) is also referred to as the local belief of xβ at the factor node Ψα. Here,

ZΨα is a normalization constant and Nα denotes the set of neighboring variable node indices of Ψα,
i.e, Nα = {β |xβ ⊆ xα}. Furthermore, proj{·} denotes the projection onto the chosen exponential
family defined as

proj{f(x)} = argmin
g(x)∈F

DKL(f(x)||g(x)), (110)

where DKL(f(x)||g(x)) is the Kullback-Leibler (KL) divergence between f and g and F is the
exponential family with sufficient statistics u(x). This minimization is performed by moment
matching,

Eg(x){u(x)} = Ef(x){u(x)} . (111)
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Once message passing converges, the approximate posterior distribution p̂xβ
(xβ) of the variable

xβ can be computed via

p̂xβ
(xβ) ∝

∏
α∈Nβ

pΨα;xβ
(xβ). (112)

D.2 JACD-EP Algorithm

Message Updates for Leaf Nodes Ψuk
, Ψhl,k

, and Ψxkt

Since the prior distributions p̃uk
(uk), p̃hl,k

(hl,k), and px(xkt) are in the same exponential family
as the approximate distributions of uk, hl,k, and xkt, respectively, the corresponding message
updates simplify significantly. The factor-to-variable messages are constant and consist of the
prior information on the variables uk, hl,k, and xkt which correspond to the distributions

pΨuk
;uk

(uk) = p̃uk
(uk), (113)

pΨhl,k
;hl,k

(hl,k) = p̃hl,k
(hl,k), (114)

pΨxkt
;xkt

(xkt) = px(xkt). (115)

This result is obtained by applying the message-passing rule in (108) while taking into account
the fact that exponential family distributions are closed under multiplication. This makes the
projection operation in (108) superfluous. Hence, the distributions corresponding to the updated
messages are directly given by the factors Ψuk

, Ψhl,k
, and Ψxkt

, respectively, which correspond to
the priors according to (17)-(19). The variable-to-factor messages for the leaf nodes are irrelevant
in the unfolding of the algorithm and omitted here.

Message Updates for Ψyl,t

Incoming messages to factor node Ψyl,t

pzl,kt;Ψyl,t
(zl,kt) = pΨzl,kt

;zl,kt
(zl,kt). (116)

Outgoing messages from factor node Ψyl,t

Message Update for mΨyl,t
;zl,kt

pΨyl,t
;zl,kt

(zl,kt) ∝
proj

{
qΨyl,t

;zl,kt
(zl,kt)

}
pzl,kt;Ψyl,t

(zl,kt)
, (117)
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with

qΨyl,t
;zl,kt

(zl,kt)

∝
∫
· · ·
∫

CN

(
yl,t

∣∣∣∣∣
K∑

k′=1

zl,k′t, σ
2
nIN

)
· pzl,kt;Ψyl,t

(zl,kt) ·
∏
k′ ̸=k

pzl,k′t;Ψyl,t
(zl,k′t) dzl,k′t

(a)
= pzl,kt;Ψyl,t

(zl,kt) ·
∫
· · ·
∫

CN

zl,k′′t

∣∣∣∣∣yl,t −
∑

k′ ̸=k′′

zl,k′t, σ
2
nIN


·
∏
k′ ̸=k

CN
(
zl,k′t

∣∣µΨz
l,k′t

;zl,k′t
,CΨz

l,k′t
;zl,k′t

)
dzl,k′t

(b)
= pzl,kt;Ψyl,t

(zl,kt) ·
∫
· · ·
∫

CN
(
zl,k′′t|µtmp,Ctmp

)
dzl,k′′t

· CN

0

∣∣∣∣∣yl,t −
∑

k′ ̸=k′′

zl,k′t − µΨz
l,k′′t

;zl,k′′t
, σ2

nIN +CΨz
l,k′′t

;zl,k′′t


·

∏
k′ ̸={k,k′′}

CN
(
zl,k′t

∣∣µΨz
l,k′t

;zl,k′t
,CΨz

l,k′t
;zl,k′t

)
dzl,k′t

(c)
= pzl,kt;Ψyl,t

(zl,kt) ·
∫
· · ·
∫

CN

yl,t

∣∣∣∣∣ ∑
k′ ̸={k′′}

zl,k′t + µΨz
l,k′′t

;zl,k′′t
, σ2

nIN +CΨz
l,k′′t

;zl,k′′t


·

∏
k′ ̸={k,k′′}

CN
(
zl,k′t

∣∣µΨz
l,k′t

;zl,k′t
,CΨz

l,k′t
;zl,k′t

)
dzl,k′t

= . . .

= pzl,kt;Ψyl,t
(zl,kt) · CN

zl,kt

∣∣∣yl,t −
∑
k′ ̸=k

µΨz
l,k′t

;zl,k′t
, σ2

nIN +
∑
k′ ̸=k

CΨz
l,k′t

;zl,k′t

 , (118)

where (a) is obtained by a basic transformation of the Gaussian distribution and using (116), (b)
is obtained by the Gaussian product rule (100) with µ1 = yl,t −

∑
k′ ̸=k′′ zl,k′t, µ2 = µΨz

l,k′′t
;zl,k′′t

,

C1 = σ2
nIN , and C2 = CΨz

l,k′′t
;zl,k′′t which yields Ctmp and µtmp according to (101) and (102),

respectively, and (c) is obtained by integrating over zl,k′′t and applying a basic transformation of
the Gaussian distribution. The final result in (118) is obtained by repeatedly applying the above
described steps for all k′ ̸= k. Since pzl,kt;Ψyl,t

(zl,kt) is Gaussian distributed, we can conclude by

utilizing the Gaussian product lemma that qΨyl,t
;zl,kt

(zl,kt) is Gaussian distributed as well. Hence,

the projection operation in (117) is superfluous since it projects qΨyl,t
;zl,kt

(zl,kt) onto a Gaussian

distribution which is the EP exponential family approximation choice of zl,kt. Therefore, the
denominator of (117) cancels with the first term in (118), and the final message update rule is
given by the distribution

pΨyl,t
;zl,kt

(zl,kt) = CN
(
zl,kt|µΨyl,t

;zl,kt
,CΨyl,t

;zl,kt

)
, (119)

with

µΨyl,t
;zl,kt

= yl,t −
∑
k′ ̸=k

µΨz
l,k′t

;zl,k′t
, (120)

CΨyl,t
;zl,kt

= σ2
nIN +

∑
k′ ̸=k

CΨz
l,k′t

;zl,k′t . (121)
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Message Updates for Ψzl,kt

Incoming messages to factor node Ψzl,kt

pxkt;Ψzl,kt
(xkt) ∝ pΨxkt

;xkt
(xkt) ·

∏
l′ ̸=l

pΨz
l′,kt

;xkt
(xkt),

∝
∏
l′ ̸=l

pΨz
l′,kt

;xkt
(xkt), (122)

pzl,kt;Ψzl,kt
(zl,kt) = pΨyl,t

;zl,kt
(zl,kt), (123)

pgl,k;Ψzl,kt
(gl,k) ∝ pΨgl,k

;gl,k
(gl,k) ·

∏
t′ ̸=t

pΨz
l,kt′

;gl,k
(gl,k)

∝ CN
(
gl,k|µgl,k;Ψzl,kt

,Cgl,k;Ψzl,kt

)
, (124)

with

Cgl,k;Ψzl,kt
=

C−1
Ψgl,k

;gl,k
+
∑
t′ ̸=t

C−1
Ψz

l,kt′
;gl,k

−1

, (125)

µgl,k;Ψzl,kt
= Cgl,k;Ψzl,kt

(
C−1

Ψgl,k
;gl,k

µΨgl,k
;gl,k

+
∑
t′ ̸=t

C−1
Ψz

l,kt′
;gl,k

µΨz
l,kt′

;gl,k

)
, (126)

which is obtained by applying the Gaussian product lemma multiple times. The update in (122)
is obtained by noticing that pΨxkt

;xkt
(xkt) (115) is uninformative according to (19) for t > Tp.

Outgoing messages from factor node Ψzl,kt

Message Update for mΨzl,kt
;xkt

pΨzl,kt
;xkt

(xkt) ∝
proj

{
qΨzl,kt

;xkt
(xkt)

}
pxkt;Ψzl,kt

(xkt)
, (127)

with

qΨzl,kt
;xkt

(xkt) ∝
∫ ∫

δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt
(xkt) · pzl,kt;Ψzl,kt

(zl,kt)

· pgl,k;Ψzl,kt
(gl,k) dzl,kt dgl,k

(a)
= pxkt;Ψzl,kt

(xkt) ·
∫

pzl,kt;Ψzl,kt
(gl,kxkt) · pgl,k;Ψzl,kt

(gl,k) dgl,k

(b)
= pxkt;Ψzl,kt

(xkt) ·
∫

CN
(
gl,kxkt|µΨyl,t

;zl,kt
,CΨyl,t

;zl,kt

)
· CN

(
gl,k|µgl,k;Ψzl,kt

,Cgl,k;Ψzl,kt

)
dgl,k

(c)
= pxkt;Ψzl,kt

(xkt) ·
∫

|xkt|−2N · CN
(
gl,k|µtmp,Ctmp

)
· CN

(
0|µΨyl,t

;zl,kt
x−1
kt − µgl,k;Ψzl,kt

,CΨyl,t
;zl,kt

|xkt|−2 +Cgl,k;Ψzl,kt

)
dgl,k

= pxkt;Ψzl,kt
(xkt) · |xkt|−2N

· CN
(
0|µΨyl,t

;zl,kt
x−1
kt − µgl,k;Ψzl,kt

,CΨyl,t
;zl,kt

|xkt|−2 +Cgl,k;Ψzl,kt

)
= pxkt;Ψzl,kt

(xkt) · θ(xkt), (128)
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where (a) is obtained by the sifting property of the Dirac delta function [51], (b) is obtained by

using (123), and (c) is obtained by utilizing the Gaussian scaling lemma on CN
(
gl,kxkt|µΨyl,t

;zl,kt
,

CΨyl,t
;zl,kt

)
and then the Gaussian product lemma with µ1 = µΨyl,t

;zl,kt
x−1
kt , µ2 = µgl,k;Ψzl,kt

,

C1 = CΨyl,t
;zl,kt

|xkt|−2, and C2 = Cgl,k;Ψzl,kt
which yields Ctmp and µtmp according to (101)

and (102), respectively. The final result in (178) is obtained by applying the Gaussian scaling
lemma once again with

θ(xkt) = CN
(
0|µΨyl,t

;zl,kt
− µgl,k;Ψzl,kt

xkt,CΨyl,t
;zl,kt

+Cgl,k;Ψzl,kt
|xkt|2

)
. (129)

Evaluating (178) at xkt ∈ X for t > Tp yields a categorical distribution for qΨzl,kt
;xkt

(xkt). Hence,

the projection operation in (127) is superfluous since it projects qΨzl,kt
;xkt

(xkt) onto a categorical

distribution, and the denominator of (127) cancels with the first term in (178). Thus, the final
message update rule is given by the distribution

pΨzl,kt
;xkt

(xkt) ∝ θ(xkt). (130)

Message Update for mΨzl,kt
;zl,kt

pΨzl,kt
;zl,kt

(zl,kt) ∝
proj

{
qΨzl,kt

;zl,kt
(zl,kt)

}
pzl,kt;Ψzl,kt

(zl,kt)
, (131)

with

qΨzl,kt
;zl,kt

(zl,kt)

∝
∑
xkt

∫
δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt

(xkt) · pzl,kt;Ψzl,kt
(zl,kt) · pgl,k;Ψzl,kt

(gl,k) dgl,k

(a)
=
∑
xkt

|xkt|−2N · pxkt;Ψzl,kt
(xkt) · pΨyl,t

;zl,kt
(zl,kt) · pgl,k;Ψzl,kt

(
zl,kt
xkt

)
=
∑
xkt

pxkt;Ψzl,kt
(xkt) · CN

(
zl,kt|µ̌Ψzl,kt

;zl,kt
(xkt), ČΨzl,kt

;zl,kt
(xkt)

)
· θ(xkt), (132)

where (a) is obtained by applying the scaling and sifting property of the Dirac delta function [51]
and using (123). The final result in (189) is obtained by the Gaussian scaling and product lemma
with θ(xkt) given in (129) and

ČΨzl,kt
;zl,kt

(xkt) =
(
C−1

Ψyl,t
;zl,kt

+C−1
gl,k;Ψzl,kt

|xkt|−2
)−1

, (133)

µ̌Ψzl,kt
;zl,kt

(xkt) = ČΨzl,kt
;zl,kt

(xkt)

(
C−1

Ψyl,t
;zl,kt

µΨyl,t
;zl,kt

+C−1
gl,k;Ψzl,kt

µgl,k;Ψzl,kt

xkt

|xkt|2

)
. (134)

The normalization constant for qΨzl,kt
;zl,kt

(zl,kt) is given by

Z̃Ψzl,kt
=

∫ ∑
xkt

pxkt;Ψzl,kt
(xkt) · CN

(
zl,kt|µ̌Ψzl,kt

;zl,kt
(xkt), ČΨzl,kt

;zl,kt
(xkt)

)
· θ(xkt) dzl,kt

=
∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(xkt). (135)
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According to (189), qΨzl,kt
;zl,kt

(zl,kt) is a Gaussian mixture with mean vector and covariance matrix

µ̂Ψzl,kt
;zl,kt

=
1

Z̃Ψzl,kt

∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(xkt) · µ̌Ψzl,kt

;zl,kt
(xkt), (136)

ĈΨzl,kt
;zl,kt

=
1

Z̃Ψzl,kt

∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(xkt) ·

(
ČΨzl,kt

;zl,kt
(xkt)

+ µ̌Ψzl,kt
;zl,kt

(xkt)µ̌
H
Ψzl,kt

;zl,kt
(xkt)

)
− µ̂Ψzl,kt

;zl,kt
µ̂H

Ψzl,kt
;zl,kt

.

(137)

Note that in the pilot phase for t ≤ Tp, the transmitted symbol xp
kt is already known. Hence,

qΨzl,kt
;zl,kt

(zl,kt) reduces to a Gaussian distribution for t ≤ Tp with mean vector µ̂Ψzl,kt
;zl,kt

=

µ̌Ψzl,kt
;zl,kt

(xp
kt) and covariance matrix ĈΨzl,kt

;zl,kt
= ČΨzl,kt

;zl,kt
(xp

kt). The final message update

can be computed according to (131) using moment matching to find the projected distribution and
the Gaussian quotient lemma,

pΨzl,kt
;zl,kt

(zl,kt) = CN
(
zl,kt|µΨzl,kt

;zl,kt
,CΨzl,kt

;zl,kt

)
, (138)

with

CΨzl,kt
;zl,kt

=
(
Ĉ−1

Ψzl,kt
;zl,kt

−C−1
Ψyl,t

;zl,kt

)−1

, (139)

µΨzl,kt
;zl,kt

= CΨzl,kt
;zl,kt

(
Ĉ−1

Ψzl,kt
;zl,kt

µ̂Ψzl,kt
;zl,kt

−C−1
Ψyl,t

;zl,kt
µΨyl,t

;zl,kt

)
. (140)

Message Update mΨzl,kt
;gl,k

pΨzl,kt
;gl,k

(gl,k) ∝
proj

{
qΨzl,kt

;gl,k
(gl,k)

}
pgl,k;Ψzl,kt

(gl,k)
, (141)

with

qΨzl,kt
;gl,k

(gl,k)

∝
∑
xkt

∫
δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt

(xkt) · pzl,kt;Ψzl,kt
(zl,kt) · pgl,k;Ψzl,kt

(gl,k) dzl,kt

(a)
=
∑
xkt

pxkt;Ψzl,kt
(xkt) · pΨyl,t

;zl,kt
(gl,kxkt) · pgl,k;Ψzl,kt

(gl,k)

=
∑
xkt

pxkt;Ψzl,kt
(xkt) · CN

(
gl,k|µ̌Ψzl,kt

;gl,k
(xkt), ČΨzl,kt

;gl,k
(xkt)

)
· θ(xkt), (142)

where (a) is obtained by the sifting property of the Dirac delta function and using (123). The final
result in (142) is obtained by the Gaussian scaling and product lemma with θ given in (129) and

ČΨzl,kt
;gl,k

(xkt) =
(
C−1

Ψyl,t
;zl,kt

|xkt|2 +C−1
gl,k;Ψzl,kt

)−1

, (143)

µ̌Ψzl,kt
;gl,k

(xkt) = ČΨzl,kt
;gl,k

(xkt)

(
C−1

Ψyl,t
;zl,kt

µΨyl,t
;zl,kt

|xkt|2

xkt
+C−1

gl,k;Ψzl,kt
µgl,k;Ψzl,kt

)
. (144)
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According to (142), qΨzl,kt
;gl,k

(gl,k) is a Gaussian mixture with mean vector and covariance matrix

µ̂Ψzl,kt
;gl,k

=
1

Z̃Ψzl,kt

∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(xkt) · µ̌Ψzl,kt

;gl,k
(xkt), (145)

ĈΨzl,kt
;gl,k

=
1

Z̃Ψzl,kt

∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(xkt) ·

(
ČΨzl,kt

;gl,k
(xkt)

+ µ̌Ψzl,kt
;gl,k

(xkt)µ̌
H
Ψzl,kt

;gl,k
(xkt)

)
− µ̂Ψzl,kt

;gl,k
µ̂H

Ψzl,kt
;gl,k

.

(146)

Note that in the pilot phase for t ≤ Tp, the transmitted symbol xp
kt is already known. Hence,

qΨzl,kt
;gl,k

(gl,k) reduces to a Gaussian distribution for t ≤ Tp with mean vector µ̂Ψzl,kt
;gl,k

=

µ̌Ψzl,kt
;gl,k

(xp
kt) and covariance matrix ĈΨzl,kt

;gl,k
= ČΨzl,kt

;gl,k
(xp

kt). The final message update

can be computed according to (141) using moment matching and the Gaussian quotient lemma,

pΨzl,kt
;gl,k

(gl,k) = CN
(
gl,k|µΨzl,kt

;gl,k
,CΨzl,kt

;gl,k

)
, (147)

with

CΨzl,kt
;gl,k

=
(
Ĉ−1

Ψzl,kt
;gl,k

−C−1
gl,k;Ψzl,kt

)−1

, (148)

µΨzl,kt
;gl,k

= CΨzl,kt
;gl,k

(
Ĉ−1

Ψzl,kt
;gl,k

µ̂Ψzl,kt
;gl,k

−C−1
gl,k;Ψzl,kt

µgl,k;Ψzl,kt

)
. (149)

Message Updates for Ψgl,k

Incoming messages to factor node Ψgl,k

puk;Ψgl,k
(uk) ∝ pΨuk

;uk
(uk) ·

∏
l′ ̸=l

pΨg
l′,k

;uk
(uk), (150)

phl,k;Ψgl,k
(hl,k) = pΨhl,k

;hl,k
(hl,k), (151)

pgl,k;Ψgl,k
(gl,k) ∝

T∏
t=1

pΨzl,kt
;gl,k

(gl,k)

∝ CN
(
gl,k|µgl,k;Ψgl,k

,Cgl,k;Ψgl,k

)
, (152)

with

Cgl,k;Ψgl,k
=

(
T∑

t=1

C−1
Ψzl,kt

;gl,k

)−1

, (153)

µgl,k;Ψgl,k
= Cgl,k;Ψgl,k

(
T∑

t=1

C−1
Ψzl,kt

;gl,k
µΨzl,kt

;gl,k

)
, (154)

which is obtained by applying the Gaussian product lemma multiple times.

Outgoing messages from factor node Ψgl,k

Message Update mΨgl,k
;uk

pΨgl,k
;uk

(uk) ∝
proj

{
qΨgl,k

;uk
(uk)

}
puk;Ψgl,k

(uk)
, (155)
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with

qΨgl,k
;uk

(uk) ∝
∫ ∫

δ(gl,k − hl,kuk) · puk;Ψgl,k
(uk) · pgl,k;Ψgl,k

(gl,k) · phl,k;Ψgl,k
(hl,k) dgl,k dhl,k

(a)
= puk;Ψgl,k

(uk) ·
∫

pgl,k;Ψgl,k
(hl,kuk) · pΨhl,k

;hl,k
(hl,k) dhl,k

= puk;Ψgl,k
(uk) · ϑ(uk), (156)

where (a) is obtained by the sifting property of the Dirac delta function and using (151). The
final result in (187) is obtained by considering the fact that uk is a binary random variable with
uk ∈ {0, 1}, utilizing (114) and the Gaussian product rule, and, then, integrating over hl,k with

ϑ(uk) = CN
(
0|µgl,k;Ψgl,k

− µ̃hl,k
uk,Cgl,k;Ψgl,k

+ C̃hl,k
uk

)
. (157)

The projection operation in (155) is superfluous since qΨgl,k
;uk

(uk) (187) is already categorically

distributed. Hence, the denominator of (155) cancels with the first term in (187). The final
message update rule is given by the distribution

pΨgl,k
;uk

(uk) ∝ ϑ(uk). (158)

Message Update mΨgl,k
;hl,k

pΨgl,k
;hl,k

(hl,k) ∝
proj

{
qΨgl,k

;hl,k
(hl,k)

}
phl,k;Ψgl,k

(hl,kt)
, (159)

with

qΨgl,k
;hl,k

(hl,k) ∝
∑
uk

∫
δ(gl,k − hl,kuk) · puk;Ψgl,k

(uk) · pgl,k;Ψgl,k
(gl,k) · phl,k;Ψgl,k

(hl,k) dgl,k

(a)
= puk;Ψgl,k

(0) · pgl,k;Ψgl,k
(0) · pΨhl,k

;hl,k
(hl,k) + puk;Ψgl,k

(1) · pgl,k;Ψgl,k
(hl,k)

· pΨhl,k
;hl,k

(hl,k)

= puk;Ψgl,k
(0) · ϑ(0) · pΨhl,k

;hl,k
(hl,k) + puk;Ψgl,k

(1) · ϑ(1)

· CN
(
hl,k|µ̌Ψgl,k

;hl,k
, ČΨgl,k

;hl,k

)
,

(160)

where (a) is obtained by making the sum explicit for uk and utilizing the sifting property of the
Dirac delta function and (151). The final result in (160) is obtained by using (114), (157), and the
Gaussian multiplication lemma with

ČΨgl,k
;hl,k

=
(
C−1

gl,k;Ψgl,k
+ C̃−1

hl,k

)−1

, (161)

µ̌Ψgl,k
;hl,k

= ČΨgl,k
;hl,k

(
C−1

gl,k;Ψgl,k
µgl,k;Ψgl,k

+ C̃−1
hl,k

µ̃hl,k

)
. (162)

The normalization constant for qΨgl,k
;hl,k

(hl,k) is given by

Z̃Ψgl,k
=

∫
puk;Ψgl,k

(0) · ϑ(0) · pΨhl,k
;hl,k

(hl,k)

+ puk;Ψgl,k
(1) · ϑ(1) · CN

(
hl,k|µ̌Ψgl,k

;hl,k
, ČΨgl,k

;hl,k

)
dhl,k

= puk;Ψgl,k
(0) · ϑ(0) + puk;Ψgl,k

(1) · ϑ(1). (163)
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According to (160), qΨgl,k
;hl,k

(hl,k) is a Gaussian mixture in two components with mean vector

and covariance matrix

µ̂Ψgl,k
;hl,k

=
1

Z̃Ψgl,k

(
puk;Ψgl,k

(0) · ϑ(0) · µ̃hl,k
+ puk;Ψgl,k

(1) · ϑ(1) · µ̌Ψgl,k
;hl,k

)
, (164)

ĈΨgl,k
;hl,k

=
1

Z̃Ψzl,kt

(
puk;Ψgl,k

(0) · ϑ(0) ·
(
C̃hl,k

+ µ̃hl,k
µ̃H

hl,k

)
+ puk;Ψgl,k

(1) · ϑ(1)

·
(
ČΨgl,k

;hl,k
+ µ̌Ψgl,k

;hl,k
µ̌H

Ψgl,k
;hl,k

))
− µ̂Ψgl,k

;gl,k
µ̂H

Ψgl,k
;gl,k

.

(165)

Note that the estimated posterior distribution (112) of hl,k is proportional to the product of

pΨgl,k
;hl,k

(hl,k) and pΨhl,k
;hl,k

(hl,kt) which is proportional to proj
{
qΨgl,k

;hl,k
(hl,k)

}
according to (151)

and (159). Hence, the final estimate of hl,k can be computed via (164) after the last iteration of
the EP algorithm.

By applying moment matching and the Gaussian quotient lemma to (159), we obtain for the
final message update the following distribution,

pΨgl,k
;hl,k

(hl,k) = CN
(
hl,k|µΨgl,k

;hl,k
,CΨgl,k

;hl,k

)
, (166)

with

CΨgl,k
;hl,k

=
(
Ĉ−1

Ψgl,k
;hl,k

− C̃−1
hl,k

)−1

, (167)

µΨgl,k
;hl,k

= CΨgl,k
;hl,k

(
Ĉ−1

Ψgl,k
;hl,k

µ̂Ψgl,k
;hl,k

− C̃−1
hl,k

µ̃hl,k

)
. (168)

Message Update mΨgl,k
;gl,k

pΨgl,k
;gl,k

(gl,k) ∝
proj

{
qΨgl,k

;gl,k
(gl,k)

}
pgl,k;Ψgl,k

(gl,kt)
, (169)

with

qΨgl,k
;gl,k

(gl,k) ∝
∑
uk

∫
δ(gl,k − hl,kuk) · puk;Ψgl,k

(uk) · pgl,k;Ψgl,k
(gl,k) · phl,k;Ψgl,k

(hl,k) dhl,k

(a)
= puk;Ψgl,k

(0) · pgl,k;Ψgl,k
(gl,k) · δ(gl,k) + puk;Ψgl,k

(1) · pgl,k;Ψgl,k
(gl,k)

· pΨhl,k
;hl,k

(gl,k)

= puk;Ψgl,k
(0) · pgl,k;Ψgl,k

(gl,k) · δ(gl,k) + puk;Ψgl,k
(1) · ϑ(1)

· CN
(
gl,k|µ̌Ψgl,k

;gl,k
, ČΨgl,k

;gl,k

)
,

(170)

where (a) is obtained by making the sum explicit for uk and utilizing the sifting property of the
Dirac delta function and (151). The final result in (188) is obtained by using (114), (157), and the
Gaussian multiplication lemma with

ČΨgl,k
;gl,k

= ČΨgl,k
;hl,k

, (171)

µ̌Ψgl,k
;gl,k

= µ̌Ψgl,k
;hl,k

. (172)

The mean vector and covariance matrix of the Bernoulli-Gaussian distribution qΨgl,k
;gl,k

(gl,k)
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in (188) is given by

µ̂Ψgl,k
;gl,k

=
1

Z̃Ψgl,k

· puk;Ψgl,k
(1) · ϑ(1) · µ̌Ψgl,k

;gl,k
, (173)

ĈΨgl,k
;gl,k

=
1

Z̃Ψgl,k

· puk;Ψgl,k
(1) · ϑ(1) ·

(
ČΨgl,k

;gl,k
+ µ̌Ψgl,k

;gl,k
µ̌H

Ψgl,k
;gl,k

)
− µ̂Ψgl,k

;gl,k
µ̂H

Ψgl,k
;gl,k

.

(174)

By applying moment matching and the Gaussian quotient lemma to (169), we obtain for the final
message update the following distribution,

pΨgl,k
;gl,k

(gl,k) = CN
(
gl,k|µΨgl,k

;gl,k
,CΨgl,k

;gl,k

)
, (175)

with

CΨgl,k
;gl,k

=
(
Ĉ−1

Ψgl,k
;gl,k

−C−1
gl,k;Ψgl,k

)−1

, (176)

µΨgl,k
;gl,k

= CΨgl,k
;gl,k

(
Ĉ−1

Ψgl,k
;gl,k

µ̂Ψgl,k
;gl,k

−C−1
gl,k;Ψgl,k

µgl,k;Ψgl,k

)
. (177)

D.3 JACD-EP-BG Algorithm

Message Update for mΨyl,t
;zl,kt

This message update is identical for the JACD-EP-BG and the JACD-EP algorithm, and, hence,
its derivation can be found in Appendix D.2 or the extended version of [2].

Message Update for mΨzl,kt
;xkt

The local belief of xkt at the factor node Ψzl,kt
is given by

qΨzl,kt
;xkt

(xkt)

∝
∫ ∫

δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt
(xkt)

· pzl,kt;Ψzl,kt
(zl,kt) · pgl,k;Ψzl,kt

(gl,k) dzl,kt dgl,k

(a)
= pxkt;Ψzl,kt

(xkt) ·
∫

pzl,kt;Ψzl,kt
(gl,kxkt)

· pgl,k;Ψzl,kt
(gl,k) dgl,k

(b)
≈ pxkt;Ψzl,kt

(xkt) ·
∫

CN
(
gl,kxkt|µΨyl,t

;zl,kt
,CΨyl,t

;zl,kt

)
· λgl,k;Ψzl,kt

· CN
(
gl,k|µgl,k;Ψzl,kt

,Cgl,k;Ψzl,kt

)
dgl,k

(c)
= pxkt;Ψzl,kt

(xkt) ·
∫

|xkt|−2N · λgl,k;Ψzl,kt

· CN
(
gl,k|µtmp,Ctmp

)
· CN

(
0|µΨyl,t

;zl,kt
x−1
kt

− µgl,k;Ψzl,kt
,CΨyl,t

;zl,kt
|xkt|−2 +Cgl,k;Ψzl,kt

)
dgl,k

= pxkt;Ψzl,kt
(xkt) · |xkt|−2N · λgl,k;Ψzl,kt

· CN
(
0|µΨyl,t

;zl,kt
x−1
kt − µgl,k;Ψzl,kt

,CΨyl,t
;zl,kt

|xkt|−2 +Cgl,k;Ψzl,kt

)
= pxkt;Ψzl,kt

(xkt) · λgl,k;Ψzl,kt
· θ(xkt), (178)
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where (a) is obtained by the sifting property of the Dirac delta function [51], (b) is obtained by using
pzl,kt;Ψzl,kt

(zl,kt) = pΨyl,t
;zl,kt

(zl,kt) and considering only the Gaussian part of the BG distribution

pgl,k;Ψzl,kt
which models the active component that is necessary to detect the transmitted symbol

xkt, and (c) is obtained by utilizing the Gaussian scaling and product lemma which yields µtmp and
Ctmp accordingly. The final result in (178) is obtained by applying the Gaussian scaling lemma
once again with θ(xkt) given in (30). For t > Tp and xkt ∈ X , (178) is a categorical distribution.
Hence, the projection operation in (108) is superfluous since it projects qΨzl,kt

;xkt
(xkt) onto a

categorical distribution, and the denominator of (108) cancels with the first term in (178). Thus,
the final message update rule reduces to (29).

Message Update for mΨzl,kt
;gl,k

The local belief of gl,k at the factor node Ψzl,kt
is given by

qΨzl,kt
;gl,k

(gl,k)

∝
∑
xkt

∫
δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt

(xkt)

· pzl,kt;Ψzl,kt
(zl,kt) · pgl,k;Ψzl,kt

(gl,k) dzl,kt

=
∑
xkt

pxkt;Ψzl,kt
(xkt)·pΨyl,t

;zl,kt
(gl,kxkt)·pgl,k;Ψzl,kt

(gl,k), (179)

where (179) is obtained by the sifting property of the Dirac delta function and using pzl,kt;Ψzl,kt
(zl,kt) =

pΨyl,t
;zl,kt

(zl,kt). The local BG belief is further computed by considering the two parts modeling

activity and inactivity of the BG distribution separately. For the BG inactive component, only the
Dirac at gl,k = 0 contributes, i.e., pgl,k;Ψzl,kt

(gl,k = 0) = 1− λgl,k;Ψzl,kt
. Thus,

qΨzl,kt
;gl,k

(gl,k = 0)

∝
∑
xkt

pxkt;Ψzl,kt
(xkt) · θ(0) · (1− λgl,k;Ψzl,kt

)

= θ(0) · (1− λgl,k;Ψzl,kt
), (180)

with pΨyl,t
;zl,kt

(0) = θ(0) and θ(x) defined in (30). For the BG active component, only the Gaussian

part is considered, i.e., pgl,k;Ψzl,kt
(gl,k) = λgl,k;Ψzl,kt

· CN
(
gl,k|µgl,k;Ψzl,kt

,Cgl,k;Ψzl,kt

)
,

qΨzl,kt
;gl,k

(gl,k ̸= 0)

∝
∑
xkt

pxkt;Ψzl,kt
(xkt)·CN

(
gl,kxkt|µΨyl,t

;zl,kt
,CΨyl,t

;zl,kt

)
· λgl,k;Ψzl,kt

· CN
(
gl,k|µgl,k;Ψzl,kt

,Cgl,k;Ψzl,kt

)
=
∑
xkt

λgl,k;Ψzl,kt
· ϕ(xkt)

· CN
(
gl,k|µ̌zl,kt

(xkt)x
−1
kt , Čzl,kt

(xkt)|xkt|−2
)
,

(181)

which is obtained by applying the Gaussian scaling and product lemma with ϕ(xkt), µ̌zl,kt
(xkt),

and Čzl,kt
(xkt) defined in (37), (38), and (39), respectively. Thus, the active component of

qΨzl,kt
;gl,k

(gl,k) in (181) is a Gaussian mixture whose components correspond to the transmit

symbols xkt. The computation of the expectation of the sufficient statistics of this mixture distri-
bution for moment matching may yield a mean close to zero, which would indicate activity with a
weak channel. To prevent this issue which determines a high number of false alarms, we select the
mixture component with the largest weight, denoted by x∗ in (44). Note that in the pilot phase
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for t < Tp, the transmitted symbol xkt = xp
kt is known a priori and, hence, x∗ = xp

kt. With this
pragmatic approximation, we obtain

qΨzl,kt
;gl,k

(gl,k) ≈ BG
(
gl,k|λ̂gl,kt

, µ̂gl,kt
, Ĉgl,kt

)
(182)

with parameters λ̂gl,kt
, µ̂gl,kt

, and Ĉgl,kt
given by (41), (42), and (43), respectively. By applying

the EP update rule (108), the final message is defined by the parameters in (32), (33), and (34).

Message Update for mΨgl,k
;uk

The local belief of uk at the factor node Ψgl,k is given by

qΨgl,k
;uk

(uk)

∝
∫ ∫

δ(gl,k − hl,kuk) · puk;Ψgl,k
(uk) · pgl,k;Ψgl,k

(gl,k)

· phl,k;Ψgl,k
(hl,k) dgl,k dhl,k

=

∫
puk;Ψgl,k

(uk) · pgl,k;Ψgl,k
(hl,kuk)

· pΨhl,k
;hl,k

(hl,k) dhl,k

(183)

which is obtained by the sifting property of the Dirac delta function and using phl,k;Ψgl,k
(hl,k) =

pΨhl,k
;hl,k

(hl,k). The local categorical belief is further computed by treating separately the two

components modeling the Bernoulli distribution. For the inactive case, i.e., uk = 0, only the
Dirac component of the BG distribution pgl,k;Ψgl,k

(gl,k) contributes, i.e., pgl,k;Ψgl,k
(hl,kuk = 0) =

1− λgl,k;Ψgl,k
,

qΨgl,k
;uk

(uk = 0)

∝
∫

puk;Ψgl,k
(0) · (1− λgl,k;Ψgl,k

) · pΨhl,k
;hl,k

(hl,k) dhl,k

= puk;Ψgl,k
(0) · (1− λgl,k;Ψgl,k

). (184)

For the active case, i.e., uk = 1, only the Gaussian component of the BG distribution pgl,k;Ψgl,k
(gl,k)

is relevant, i.e., pgl,k;Ψgl,k
(gl,k) = pgl,k;Ψgl,k

(hl,k) = λgl,k;Ψgl,k
· CN

(
hl,k|µgl,k;Ψgl,k

,Cgl,k;Ψgl,k

)
,

qΨgl,k
;uk

(uk = 1) (185)

∝
∫

puk;Ψgl,k
(1) · λgl,k;Ψgl,k

· CN
(
hl,k|µgl,k;Ψgl,k

,Cgl,k;Ψgl,k

)
·pΨhl,k

;hl,k
(hl,k) dhl,k

= puk;Ψgl,k
(1) · λgl,k;Ψgl,k

· ϑ(1), (186)

which is obtained by applying the Gaussian product lemma with ϑ(uk) defined in (49). Then,
combining the active and inactive components, we obtain

qΨgl,k
;uk

(uk)∝puk;Ψgl,k
(uk) ·

{
1− λgl,k;Ψgl,k

for uk = 0

λgl,k;Ψgl,k
· ϑ(1) for uk = 1

. (187)

The projection in (108) is superfluous since qΨgl,k
;uk

(uk) is already a categorical distribution.

Hence, the denominator of (108) cancels with the first term in (187). Thus, the final message
update rule is given by (50).
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Message Update for mΨgl,k
;gl,k

The local belief of gl,k at the factor node Ψgl,k is given by

qΨgl,k
;gl,k

(gl,k)

∝
∑
uk

∫
δ(gl,k − hl,kuk) · puk;Ψgl,k

(uk) · pgl,k;Ψgl,k
(gl,k)

· phl,k;Ψgl,k
(hl,k) dhl,k

(a)
= pgl,k;Ψgl,k

(gl,k) ·
(
puk;Ψgl,k

(0) · δ(gl,k)

+ puk;Ψgl,k
(1) · pΨhl,k

;hl,k
(gl,k)

)
= pgl,k;Ψgl,k

(gl,k) · BG
(
gl,k|puk;Ψgl,k

(1), µ̃hl,k
, C̃hl,k

)
(188)

where (a) is obtained by explicitly evaluating the sum over uk and utilizing the sifting property
of the Dirac delta function along with the identity phl,k;Ψgl,k

(hl,k) = pΨhl,k
;hl,k

(hl,k). The final

equation (188) is obtained by using pΨhl,k
;hl,k

(hl,k) = CN
(
hl,k|µ̃hl,k

, C̃hl,k

)
and noting that the

second factor in (a) written in brackets is a BG distribution. The projection in (108) is superfluous
since qΨgl,k

;gl,k
(gl,k) is the product of two BG distributions which is again a BG distribution.

Hence, the denominator of (108) cancels with the first term in (188). Thus, the final message
parameters are given by (59), (60), and (61).

Message Update for mΨzl,kt
;zl,kt

The local belief of zl,kt at the factor node Ψzl,kt
is given by

qΨzl,kt
;zl,kt

(zl,kt)

∝
∑
xkt

∫
δ(zl,kt − gl,kxkt) · pxkt;Ψzl,kt

(xkt)

· pzl,kt;Ψzl,kt
(zl,kt) · pgl,k;Ψzl,kt

(gl,k) dgl,k

(a)
=
∑
xkt

|xkt|−2N · pxkt;Ψzl,kt
(xkt) · pΨyl,t

;zl,kt
(zl,kt)

· pgl,k;Ψzl,kt

(zl,kt
xkt

)
(b)
≈
∑
xkt

|xkt|−2N · pxkt;Ψzl,kt
(xkt) · pΨyl,t

;zl,kt
(zl,kt)

· λgl,k;Ψzl,kt
· CN

(zl,kt
xkt

∣∣∣µgl,k;Ψzl,kt
,Cgl,k;Ψzl,kt

)
=
∑
xkt

πxkt;Ψzl,kt
(xkt) · θ(xkt) · λgl,k;Ψzl,kt

· CN
(
zl,kt|µ̌zl,kt

(xkt), Čzl,kt
(xkt)

)
, (189)

where (a) is obtained by applying the scaling and sifting property of the Dirac delta function [51]
and using pzl,kt;Ψzl,kt

(zl,kt) = pΨyl,t
;zl,kt

(zl,kt), and (b) is obtained by approximating the BG dis-

tribution pgl,k;Ψzl,kt
by its Gaussian part. The final result in (189) is obtained by applying the

Gaussian scaling and product lemma with θ(xkt), µ̌zl,kt
(xkt), and Čzl,kt

(xkt) given by (30), (38),

and (39), respectively. The normalization constant for qΨzl,kt
;zl,kt

(zl,kt) is given by Z̃Ψzl,kt
=

λgl,k;Ψzl,kt
· ZΨzl,kt

where ZΨzl,kt
is defined in (40). According to (189), qΨzl,kt

;zl,kt
(zl,kt) is a

Gaussian mixture with mean vector and covariance matrix given by (67) and (68), respectively.
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Note that in the pilot phase for t < Tp, the transmitted symbol xkt = xp
kt is known a pri-

ori. Hence, qΨzl,kt
;zl,kt

(zl,kt) reduces to a Gaussian distribution for t < Tp with mean vector

µ̂zl,kt
= µ̌zl,kt

(xp
kt) and covariance matrix Ĉzl,kt

= Čzl,kt
(xp

kt). The final message parameters are
given by (65) and (66), which are computed according to (108).
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