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Abstract

In this work, we investigate uplink communication in semi-blind cell-free (CF) massive
multiple-input multiple-output (MaMIMO) systems. One of the major challenges in CF
MaMIMO systems is pilot contamination, where multiple user terminals (UTs) may use the
same pilot sequence due to an imbalance between the number of UTs and the length of the
pilot sequence. Semi-blind approaches have been proposed to address this issue, where access
points (APs) jointly estimate both the channel and user data. This joint estimation leads to a
bilinear problem. Channel estimation in bilinear systems with Gaussian input has been stud-
ied in prior work, with expectation propagation (EP)-based algorithms, such as variable-level
(VL)-EP and hybrid expectation maximization (EM)-EP, being proposed. However, in this
paper, the user data follows a categorical distribution. To develop a tractable algorithm that
leverages the finite alphabet of the user data, we investigate the Bethe free energy (BFE) of
the bilinear system and propose a message-passing algorithm by minimizing the BFE. The
resulting algorithm combines variational Bayes (VB), belief propagation (BP), and EP.
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1 Introduction

We examine the uplink cell-free semi-blind network containing K single-antenna user terminals
(UTs) and L access points (APs). Each AP is equipped with M antennas.

The received signals of the l-th AP is[
Yp,l Yl

]
= Hl

[
XT

p XT
]
+
[
Vp,l Vl

]
∈ CM×(P+T ),

where the channel matrix Hl ∈ CM×K comprises of independent columns. We use hlk to denote
the k-th column which follows CN (hlk|0,Ξhlk

). The matrix Xp represents the transmitted pilots.
We assume that orthogonal pilots are used, i.e., difference columns of Xp are either the same or
orthogonal. We further assume that each pilot sequence has length P and a total power of Pσ2

x.
Similarly, X represents the data sequence. We denote the data sequence sent by the k-th UT as
xk, which is the k-th column of X. Moreover, we assume that each element of X follows an i.i.d.
discrete distribution, i.e., the symbols in X are drawn from a constellation set S with power σ2

x.
We define xk ∼ pxk

(xk). We also assume additive white Gaussian noise Vp,l and Vl, where each
entry has a power of σ2

v . For simplicity, we define Cv = σ2
vI.

Since the channels of different APs are independent and all the noise symbols are independent,
the received signals Yp,l and Yl of different APs are conditionally independent given X. This
paper aims to estimate X and ∀l,Hl jointly.

1.1 Orthogonal Pilots

When orthogonal pilots are used, we correlate the received pilot signals Yp,l with the g-th pilot
sequence x̃p,g (not to confuse with the pilot sequence of the g-th user) to obtain the correlated
version of the received pilot signals ỹp,lg:

ỹp,lg = Yp,lx̃
∗
p,g = Pσ2

xHlGg
1|Gg| + ṽp,lg, (1)

where we use Gg to denote the UTs groups using the g-th pilot sequence. The columns of HlGg

are composed of the channel coefficients corresponding to the users using the g-th pilot, i.e., hl,k is
a column of Hl,g if xp,k = xp,g. We denote ṽp,lg = Vlx̃

∗
p,g which is the transformed noise following

a distribution CN (0, σ2
xσ

2
vP IM ).

1.2 Factored Joint Distribution

We introduce an auxiliary variable Zlk = hlkx
T
k and its vectorization zlk = vec(Zlk). Therefore,

the likelihood of Zlk is captured by Dirac function p(Zlk|hlk,xk) = δ(Zlk − hlkx
T
k ). The joint

probability density function (PDF) can be derived as

p(Yp,Y,Z11, . . . ,ZLK ,H1, . . .HL,X)

=
∏
l

p(Yl|Zl1, . . . ,ZlK)
∏
l

∏
k

p(Zlk|hlk,xk)∏
l

∏
g

p(ỹp,lg,Hlg)
∏
k

p(xk).

(2)

For simplicity, we define

fzl
(zl1, . . . , zlK) = p(Yl|Zl1, . . . ,ZlK)

fhlGg
(hlGg

) = p(ỹp,lg,Hlg)

fxk
(xk) = p(xk)

fδlk(zlk,hlk,xk) = p(Zlk|hlk,xk).

(3)
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The factorization given by (2) admits a factor graph [1]. We denote F = {fzl
, fhlGg

, fxk
, δlk} as

the set of all factor nodes and V = {zlk,hlk,xk} as the set of all variable nodes.

1.3 Notations

Throughout the context, we will use bold uppercase letters to denote matrices and bold lowercase
letters to denote vectors. Furthermore, we use lowercase letters to denote the vectorization of
uppercase letters. For example, zlk = vec(Zlk).

1.4 Prior Work

Bayesian estimation in semi-blind structures holds great potential [2], but it also presents chal-
lenges due to the high-dimensional, intractable integrals involved. Message-passing algorithms,
especially expectation propagation (EP) [3], have been widely used in the field of Bayesian estima-
tion. To enhance performance, variable-level EP (VL-EP) was proposed by combining expectation-
maximization (EM) and EP [4]. To improve the convergence properties of VL-EP, hybrid EM-EP
and loop-free EM-EP were introduced [5]. However, these algorithms are not equipped to handle
user symbols from a finite alphabet.

To address this limitation, a distributed bilinear-EP algorithm was proposed in [6], which uses
a brute-force approach to tackle the inference problem involving a finite alphabet. Inspired by [6]
and [7], the authors of [8] proposed a simplified decentralized bilinear-EP algorithm.

Additionally, it has been shown [9] that various message-passing algorithms can be derived by
optimizing Bethe free energy (BFE) under different assumptions. Hybrid vector message passing
(HVMP) [10] was proposed based on BFE optimization, but its complexity is high, and it is unable
to handle inputs from a finite alphabet.

1.5 Main Contributions

We propose a low-complexity algorithm for semi-blind channel and data estimation, based on the
framework of BFE-constrained optimization. To effectively handle interference terms, we introduce
an auxiliary variable. Furthermore, we make specific assumptions in the BFE formulation to avoid
non-analytical integrals, simplifying the derivation and reducing computational complexity. Our
method also integrates seamlessly with the decentralization scheme presented in [8].

In summary, the proposed algorithm blends key elements from belief propagation, expectation
propagation (EP), and variational Bayes, offering a more efficient and practical solution.

2 Introduction to Bethe Free Energy

Consider a factored joint PDF:

p(θ) ∝
∏
α

fα(θα). (4)

The Bethe approximation for (4) has the trial function bθ of the form of:

b(θ) =

∏
α bfα(θα)∏

i bθi(θi)
Li−1

, (5)

where Li denote the number of factors that include θi as a parameter. All the functions in (5) must
be proper distributions integrate to one. Furthermore, the numerators in (5) must be consistent
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with the denominators, i.e.,

∀α and i ∈ N(α) : bθi(θi) =

∫
bfα(θα)

∏
j∈N(α)/{i}

dθj ,

∀i :
∫

bθi(θi)dθi = 1,

(6)

where we exploit the notations and denote N(α) as the set of indices of entries contained in θα.
The Bethe Free Energy is actually, the variational energy of the Bethe Approximation:

BFE = KLD[b(θ)∥p(θ)] (7)

In order to determine all the bfα and bθi , we minimize the Bethe Free Energy,

min
∀α, i : bfα , bθi

BFE

s.t. (6).

2.1 Tree Structured Factorization Example

Observe a simple example, assume a PDF can be decomposed into two factors:

p(θ) =
1

Z
fα(θα)fβ(θβ), (8)

where

θ =
[
θ1 θ2 θ3

]T
θα =

[
θ1 θ2

]T
θβ =

[
θ2 θ3

]T
;

Z =

∫
fα(θα)fβ(θβ)dθ.

(9)

To verify the conditioned independence, we look at the relation between p(θ1, θ3|θ2) and the product
p(θ1|θ2)p(θ3|θ2). According to Bayes rule, the conditional joint PDF is

p(θ1, θ3|θ2) =
1

Zp(θ2)
fα(θ1, θ2)fβ(θ2, θ3), (10)

with the relation

Zp(θ2) =

∫
fα(θα)fβ(θβ)dθ1dθ3

=

∫
fα(θ1, θ2)dθ1 ·

∫
fβ(θ2, θ3)dθ3

(11)

For simplicity, we define

Zα|2 =

∫
fα(θ1, θ2)dθ1

Zβ|2 =

∫
fβ(θ2, θ3)dθ3.

(12)

5
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Therefore, the conditional joint PDF can be rewritten as

p(θ1, θ3|θ2) =
1

Zα|2Zβ|2
fα(θ1, θ2)fβ(θ2, θ3) (13)

On the other hand, the conditional marginal PDFs can be computed as

p(θ1|θ2) =
Zβ|2

Zp(θ2)
fα(θ1, θ2) =

1

Zα|2
fα(θ1, θ2)

p(θ3|θ2) =
1

Zβ|2
fβ(θ2, θ3).

(14)

As we can see, since p(θ1, θ3|θ2) = p(θ1|θ2)p(θ3|θ2), the variables θ1 and θ3 are conditional inde-
pendent given θ2. Therefore, regardless the form of function fα and fβ , we have

p(θ) = p(θ1, θ3|θ2)p(θ2) =
p(θ1, θ2)p(θ2, θ3)

p(θ2)
(15)

2.2 Analysis of Tree Structured Factorization

Lemma 2.1. For all PDF p(θ) with ∀i, θi treated as atomic variables. If p(θ) admits a loop-free
(tree/forest structure) factorization:

p(θ) ∝
A∏

α=1

fα(θα), (16)

then we have

p(θ) =

∏
α p(θα)∏

i p(θi)
Li−1

, (17)

where Li denotes the number of factors fα that contains θi as a parameter.

Proof. We use mathematical induction on the number of factors.
If there is only one factor, the lemma holds automatically. Now assume the induction hypoth-

esis. Assume that the lemma holds for all non-cyclic factored PDFs with equal or less than A
factors.

We need to prove that the lemma also hold for any PDF with A + 1 non-cyclic structured
factors:

p(θ) ∝
A+1∏
α=1

fα(θα). (18)

Heuristically, there are two ways of decreasing the number of factors, either by conditioning or by
marginalization and in this proof, we use the technique of marginalization. Since all the A + 1
factors compose a non-cyclic structure, there must exist a factor (leaf factor) that has at most 1
common atomic variable with the superfactor of the product of all the other factors. Without loss
of generality, we assume fA+1(θA+1) has at most one common atomic variable with

∏A
α=1 fα(θα)

(we can always change the index if not). Therefore, we first investigate the PDF:

p(θ) ∝ fA+1(θA+1)

A∏
α=1

fα(θα). (19)

If fA+1(θA+1) is completely disjoint to
∏A

α=1 fα(θα) and zero common atomic variable with it,
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then by marginalization, we have

p(θ−) ∝
A∏

α=1

fα(θα)

⇒ p(θ−) =

∏A
α=1 p(θα)∏
i p(θi)

L−
i −1

(20)

where θ− is composed of the atomic variables in ∀α ∈ {1, . . . , A} : θα, L
−
i denotes the number of

factors in {fα(θα)|α ∈ {1, . . . , A}} that contain θi as parameter. The second line of (20) correspond
to the induction hypothesis. On the other hand, we have

p(θA+1) ∝ fA+1(θA+1). (21)

From (21) and the first line of (20), we find that (19) has the form of

p(θ) = p(θ−)p(θA+1)

=

∏A+1
α=1 p(θα)∏
i p(θi)

Li−1

(22)

where Li denotes the number of factors in (18) that contain θi as a parameter. Since there is no

common atomic variable between fA+1(θA+1) and
∏A

α=1 fα(θα), we notice the relation Li = L−
i .

Next we consider the case where fA+1(θA+1) shares one common atomic variable with
∏A

α=1 fα(θα).
We assume they share the c-th atomic variable as the common atomic variable, which we denote
as θc. Similar to the example in Section 2.1, we can show by integration rules:

p(θA+1|θc) =
1

ZθA+1|θc
fA+1(θA+1)

p(θ
−|θc) =

1

Z
θ
−|θc

A∏
α=1

fα(θα),

(23)

where θA+1 denotes θA+1 with θc removed, and θ
−

denotes θ− with θc removed. Furthermore,

ZθA+1|θc and Z
θ
−|θc

are normalization constants to ensure p(θA+1|θc) and p(θ
−|θc) integrate to 1.

On the other hand, from (18), the conditional joint PDF given θc can also be verified to satisfy
the following relation:

p(θ|θc) =
1

ZθA+1|θc

1

Z
θ
−|θc

A+1∏
α=1

fα(θα)

= p(θA+1|θc)p(θ
−|θc),

(24)

where θ denote θ with θc removed. Due to the equality in the second line of (24), we know θA+1

and θ
−

are conditionally independent given θc. From (24) and Bayes rule, we have

p(θ|θc)p(θc) = p(θA+1|θc)p(θ
−|θc)

p(θc)

p(θc)
p(θc)

⇒ p(θ) =
p(θA+1)p(θ

−)

p(θc)
.

(25)

7
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We look at the marginal PDF p(θ−). From (19), we have

p(θ−) ∝
A∏

α=1

fα(θα)

∫
fA+1(θA+1)dθA+1. (26)

Since θc is the common atomic variable between fA+1(θA+1) and
∏A

α=1 fα(θα), we know ∃β ∈
{1, . . . , A}, such that θc is a parameter of fβ(θβ). We can define a new auxiliary factor f ′

β(θβ)
such that

f ′
β(θβ) = fβ(θβ)

∫
fA+1(θA+1)dθA+1. (27)

Therefore, the marginal PDF p(θ−) can be written as

p(θ−) ∝ f ′
β(θβ)

β−1∏
α=1

fα(θα)

A∏
α=β+1

fα(θα). (28)

Since there are only A factors, according to the induction hypothesis, the marginal PDF p(θ−)
can be written as

p(θ−) =

∏A
α=1 p(θα)

p(θc)Lc−2
∏

i̸=c p(θi)
Li−1

, (29)

where Li and Lc denote the number of factors in (18) that use θi and θc as parameter, respectively.
The reason we have Lc − 2 instead of Lc − 1 is due to the fact that there are only Lc − 1 factors
in (28) that contain θc.

Finally, we substitute (29) into (25) and obtain

p(θ) =

∏A+1
α=1 p(θα)∏
i p(θi)

Li−1
. (30)

Lemma 2.2. If b(θ) is defined as

b(θ) =

∏A
α=1 bfα(θα)∏
i bθi(θi)

Li−1
, (31)

where

• Li denote the number of factors fα that contains θi as parameter;

• bfα(θα) compose a non-cyclic factor graph

• bfα and bθi are non-negative functions:

∀α, i ∈ N(α) : bθi(θi) =

∫
bfα(θα)

∏
j∈N(α)/{i}

dθj ,

∀i :
∫

bθi(θi)dθi = 1,

∀α :

∫
bfα(θα)dθα = 1,

(32)

then we have

∀α : bfα(θα) =

∫
b(θ)

∏
i/∈N(α)

dθi. (33)

8
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Proof. We use mathematical induction on the number of factors in the numerator. If there is only
one factor, by (31) we have b(θ) = bfα(θα), where θ = θα.

As induction hypothesis, we assume the lemma hold for A factors in the numerator, we need
to prove the lemma also hold for b(θ) with A+ 1 factors.

Since bfα(θα) compose a non-cyclic factor graph (tree or forest), there exist a factor bβ(θβ) such

that bβ(θβ) share at most one common atomic variable θc with
∏β−1

α=1 bfα(θα) ·
∏A+1

α=β+1 bfα(θα).
If there are no common atomic variables, we rewrite (31):

b(θ) =
bfβ (θβ)

∏β−1
α=1 bfα(θα) ·

∏A+1
α=β+1 bfα(θα)∏

i bθi(θi)
Li−1

. (34)

We integrate out θβ , and obtain

b−(θ−) =

∫
b(θ)dθβ =

∏β−1
α=1 bfα(θα) ·

∏A+1
α=β+1 bfα(θα)∏

i bθi(θi)
Li−1

, (35)

where θ− denote θ with the ones in θβ removed. In (35), there are only A factors in the numerator.
Due to the induction hypothesis, we have

∀α ∈ {1, . . . , β − 1, β + 1, . . . , A+ 1} : bfα(θα) =

∫
b(θ)

∏
i/∈N(α)

dθi. (36)

Furthermore, due to the hypothesis, from (35)-(36), we have∫
b−(θ−)dθ− = 1. (37)

From (34) and (35),
b(θ) = bfβ (θβ)b

−(θ−). (38)

Integrate out all the variables in θ−, we have∫
b(θ)

∏
i/∈N(β)

dθi = bfβ (θβ). (39)

Now we consider the case where there is one common atomic variable θc between bfβ (θβ) and∏β−1
α=1 bfα(θα) ·

∏A+1
α=β+1 bfα(θα). We integrate the variables that only occur once in bfβ (θβ):

b−(θ−) =

∫
b(θ)

∏
i∈N(β)/{c}

dθi

=
bθc(θc)

∏β−1
α=1 bfα(θα) ·

∏A+1
α=β+1 bfα(θα)

bθc(θc)
Li−1

∏
i̸=c bθi(θi)

Li−1

=

∏β−1
α=1 bfα(θα) ·

∏A+1
α=β+1 bfα(θα)

bθc(θc)
Li−2

∏
i̸=c bθi(θi)

Li−1
.

(40)

Since only θc occurs Lc − 1 times in ∀α ∈ {1, . . . , β − 1, β + 1, . . . , A + 1} : fα(θα), all the other
atomic variables ∀i : θi occur Li times, we can use the induction hypothesis on (40) and obtain:

∀α ∈ {1, . . . , β − 1, β + 1, . . . , A+ 1} : bfα(θα) =

∫
b(θ)

∏
i/∈N(α)

dθi. (41)

9
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On the other hand, from (40) and the lemma assumption,∫
b−(θ−)

∏
i/∈N(β)

dθi = bθc(θc). (42)

From (31) and (40), we can write

b(θ) = bfβ (θβ)
b−(θ−)

bθc(θc)
. (43)

We integrate out the variables that does not show up in bfβ (θβ), and based on (42):∫
b(θ)

∏
i/∈N(β)

dθi = bfβ (θβ) (44)

2.3 Bethe Free Energy in Non-Cyclic Graph

In the case of non-cyclic factorization, we substitute (6) into (7) and by Lemma 2.2

BFE =
∑
α

D[bfα(θα)∥fα(θα)] +
∑
i

(Li − 1)H[bθi(θi)]. (45)

If the constraints (6) are satisfied, the minimal of the BFE in (45) is achieved when b(θ) = p(θ).
Furthermore, according to Lemma 2.2, if b(θ) = p(θ) and the constraints (6) are satisfied, all the
marginal beliefs ∀α∀i : bfα(θα), bθi(θi) are fixed.

2.4 Bethe Free Energy Extended to Graph with Cycles

If the factored PDF implies a factor graph with cycles, the above two lemmas no longer hold.
However, we still approximate the BFE to the form of (45).

Furthermore, the strong marginal consistency constraints may lead to intractable computation
in an iterative algorithm. To further simplify the problem, the consistency constraints can be
relaxed to moment constraints. Therefore, instead of (6), we can use the following relaxed moment
constraints

∀α :

∫
bfα(θα)dθα = 1

∀i :
∫

bθi(θi)dθi = 1

∀α and i ∈ N(α) : Ebθi
[ϕ(θi)] = Ebfα

[ϕ(θi)].

(46)

3 Relation Between Bethe Free Energy and Message Pass-
ing Algorithms

The constraint Bethe Free Energy minimization lead to an optimization problem. We take strong
constraints as an example and use Lagrangian multiplier to gain an insight of the optimization

10
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problem. The Lagrangian function can be written as

L =
∑
α

D[bfα(θα)∥fα(θα)] +
∑
i

(Li − 1)H[bθi(θi)]+

+
∑
α

∑
i∈N(α)

∫
λθi;fα(θi) [bθi(θi)− bfα(θi)] dθi,

(47)

where

bfα(θi) =

∫
bfα(θα)

∏
j∈N(α)/{i}

dθj . (48)

Setting the variational derivative to zero:

∀α :
∂L

∂bfα(θα)
= ln bfα(θα)− ln fα(θα)−

∑
i∈N(α)

λθi;fα(θi) + C:=0

∀i : ∂L
∂bθi(θi)

= (1− Li) ln bθi(θi) +
∑

α∈N(i)

λθi;fα(θi) + C:=0,

(49)

where C denote a normalization term for the beliefs due to the normalization constraints in (6):

∀α :

∫
bfα(θα)dθα = 1;

∀i :
∫

bθi(θi)dθi = 1.

(50)

Rewrite (49) and we have

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(α)

µθi;fα(θi);

∀i : bθi(θi) ∝

 ∏
α∈N(i)

µθi;fα(θi)

 1
L1−1

,

(51)

where we define
µθi;fα(θi) ≜ exp(λθi;fα(θi)). (52)

Lemma 3.1. Let A denote any countable set of indices with cardinality |A| > 1. If ∀α ∈ A,
µθ;fα(θ) are defined as positive functions, then there exist a unique (exactly one) set of positive
functions denoted by ∀α ∈ A: µfα;θ(θ), such that

∀α ∈ A : µθ;fα(θ) =
∏

β∈A/{α}

µfβ ;θ(θ). (53)

Proof. We exploit the monotonic property of log operation. Due to the positive function assump-
tion, at every point θ, we compute the log of both sides of (53),

∀α ∈ A : λθ;fα(θ) =
∑

β∈A/{α}

λfβ ;θ(θ), (54)

where

∀α ∈ A : λθ;fα(θ) ≜ log µθ;fα(θ);

∀α ∈ A : λfα;θ(θ) ≜ log µfα;θ(θ).
(55)

11
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Denote the elements of A as
A = {α1, α2, . . . , α|A|}, (56)

where |A| denote the cardinality of set A. We can define the vectors

λθ;f (θ) ≜
[
λθ;fα1

(θ) . . . λθ;fα|A|
(θ)
]T

,

λf ;θ(θ) ≜
[
λfα1 ;θ

(θ) . . . λfα|A| ;θ
(θ)
]T

.

(57)

With the above definition, (54) can be rewritten to

λθ;f (θ) = B|A|λf ;θ(θ), (58)

where
B|A| = 1|A|1

T
|A| − I|A|. (59)

Sylvester’s determinant theorem, the absolute value of the determinant of B|A| can be computed
as | det(B|A|)| = |A| − 1. Due to the lemma assumption, |A| > 1, we know B|A| has full rank.

Therefore, from (58), the set of equations can be uniquely solved by

λf ;θ(θ) = B−1
|A|λθ;f (θ) =

(
1|A|1

T
|A|

N − 1
− I|A|

)
λθ;f (θ). (60)

Based on Lemma 3.1, we can uniquely define a set of positive functions ∀i, ∀α ∈ N(θi) :
µfα;θi(θi), such that

∀i, ∀α ∈ N(θi) : µθi;fα(θi) =
∏

β∈N(θi)/{α}

µfα;θi(θi). (61)

Substitute (61) into the second line of (51), and (51) becomes

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(α)

µθi;fα(θi);

∀i : bθi(θi) ∝
∏

α∈N(θi)

µfα;θi(θi).
(62)

Besides setting the derivative to zero, which results to (62), we must also include the consistency
constraints (6). Therefore, by combining (6), (61) and (62), we obtain a system of equations (63)
that corresponds to the stable points of the constrained BFE optimization problem:

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(α)

µθi;fα(θi);

∀i : bθi(θi) ∝
∏

α∈N(θi)

µfα;θi(θi);

∀i, ∀α ∈ N(θi) : µθi;fα(θi) =
∏

β∈N(θi)/{α}

µfα;θi(θi);

∀α and i ∈ N(fα) : bθi(θi) =

∫
bfα(θα)

∏
j∈N(fα)/{i}

dθj

(63)

Actually, (63) is a system of equation parameterized by functions ∀i, ∀α ∈ N(θi) : µfα;θi(θi).
Namely, every quantity appeared in (63) are uniquely determined, if ∀i, ∀α ∈ N(θi) : µfα;θi(θi) are

12
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given. The normalized non-negative function bfα(θα) and bfθi (θi) are called belief at factor fα and
variable θi respectively. Moreover, the positive functions µθi;fα(θi) and µfα;θi are called “messages
from θi to fα” and “messages from fα to θi” respectively.

3.1 Relation to Belief Propagation (Strict Marginal Consistency Con-
straints)

On the other hand, belief propagation is an iterative message passing based algorithm by iterating
over the following steps:

• Compute the belief at factor node:

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(α)

µθi;fα(θi) (64)

• Marginalize the belief at factor node:

∀α,∀i ∈ N(fα) : bfα(θi) =

∫
bfα(θα)

∏
j∈N(fα)/{i}

dθj (65)

• Update the message from factors to variables:

µfα;θi(θi) =
bfα(θi)

µθi;fα(θi)
=

∫
fα(θα)

∏
j∈N(fα)/{i}

µθj ;fα(θj)dθj (66)

• Compute the belief at variable node:

∀i : bθi(θi) ∝
∏

α∈N(θi)

µfα;θi(θi) (67)

• Update the message from variable to factor:

∀i, ∀α ∈ N(θi) : µθi;fα(θi) =
bθi(θi)

µfα;θi(θi)
. (68)

At convergence, the equations from (64)-(68) hold simultaneously, which compose a system of
equations. Actually, one can show that the system of equations composed of (64)-(68) is equivalent
to the system of equations (63), i.e.,

(64)-(68) ⇔ (63). (69)

This relation indicates that Belief Propagation is just an iterative way of solving the system of
equations in (63).

3.2 Relation to Expectation Propagation (Relaxed Moment Consistency
Constraints)

Similar derivation can also be applied to the BFE minimization with relaxed moment constraints
as indicated in (46). However, if relaxed consistency is used, we substitute the variational La-
grangian multiplier λθi;fα(θi) with vector Lagrangian multiplier λθi;fα (the same dimension as
ϕ(θi)). Therefore, finding the critical points of the Lagrangian function of BFE minimization with

13
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relaxed moment consistency constraints (46)

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(fα)

µθi;fα(θi);

∀i : bθi(θi) ∝
∏

α∈N(θi)

µfα;θi(θi);

∀i, ∀α ∈ N(θi) : µθi;fα(θi) =
∏

β∈N(θi)/{α}

µfα;θi(θi);

∀α and i ∈ N(fα) : Ebθi
[ϕ(θi)] = Ebfα

[ϕ(θi)],

(70)

where all the variable-to-factor messages belongs to family F , i.e.,

∀α,∀i ∈ N(fα)µθi;fα(θi) ∈ F , (71)

where
F = {exp(γTϕ(θ)) : Cdim(θ) → R|γ ∈ Cdim(ϕ(θ))}. (72)

On the other hand, the Expectation Propagation rules are

• Compute the belief at factor node:

∀α : bfα(θα) ∝ fα(θα)
∏

i∈N(α)

µθi;fα(θi) (73)

• Marginalize the belief at factor node:

∀α,∀i ∈ N(fα) : bfα(θi) =

∫
bfα(θα)

∏
j∈N(fα)/{i}

dθj (74)

• Project the marginal belief to family F :

b̂fα(θi) = arg min
b̂fα (θi)∈F

KLD(bfα(θi)∥b̂fα(θi)) (75)

• Update the message from factors to variables:

µfα;θi(θi) =
b̂fα(θi)

µθi;fα(θi)
(76)

• Compute the belief at variable node:

∀i : bθi(θi) ∝
∏

α∈N(θi)

µfα;θi(θi) (77)

• Update the message from variable to factor:

∀i, ∀α ∈ N(θi) : µθi;fα(θi) =
bθi(θi)

µfα;θi(θi)
. (78)

At convergence the static point of Expectation Propagation is obtained as a system of equations
composed of (73)-(78). It can be shown that the system of equations composed of (73)-(78) is
equivalent to the system of equations in (70). Therefore, Expectation Propagation can be viewed
as an iterative method of finding the optimal point of BFE with relaxed moment consistency
constraints.
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4 Bethe Free Energy Optimization Framework

Bethe free energy is the approximated variational free energy between the true probability (2) and
a constrained Bethe approximation trial function.

4.1 Bethe Approximation with Constraints

Following [9], the BFE of (2) is:

BFE =
∑
l

D[bfzl (zl1, . . . , zlK)∥p(Yl|zl1, . . . , zlK)]

+
∑
l,g

D[bfhlGg
(hlGg )∥p(ỹp,lg,hlGg )]+

∑
k

D[bfxk
(xk)∥p(xk)]

+
∑
l,k

D[bδlk(zlk,hlk,xk)∥δ(Zlk − hlkx
T
k )]+

∑
l,k

H[bzlk
(zlk)]

+
∑
l,k

H[bhlk
(hlk)] +

∑
k

L ·H[bxk
(xk)]. (79)

where all the factor-level beliefs bfzl , bδzlk , bfhlGg
, bfxk

, and variable-level beliefs bhlk
, bzlk

, bxk

are proper distributions normalized to one. Furthermore, to make all these factors consistent, the
variable-level beliefs must be the marginal distribution of the factor-level beliefs. For all l ∈ [1, L],
k ∈ [1,K], the constraints for the xk are∫

bδlk(zlk,hlk,xk)dzlkdhlk = bxk
(xk) (80)

bfxk
(xk) = bxk

(xk). (81)

However, satisfying the strict constraints of hlk and zlk will lead to an intractable problem. There-
fore, we relax the strict constraints to first and second-order moment constraints (specifically, mean
and covariance constraints). W.l.o.g., we denote those sufficient statistics as ϕhlk

(hlk), ϕzlk
(zlk)

Ebfzl
[ϕzlk

(zlk)] = Ebzlk
[ϕzlk

(zlk)] (82)

Eδlk [ϕzlk
(zlk)] = Ebzlk

[ϕzlk
(zlk)] (83)

EbfhlGg

[ϕhlk
(hlk)] = Ebhlk

[ϕhlk
(hlk)] (84)

Ebδlk
[ϕhlk

(hlk)] = Ebhlk
[ϕhlk

(hlk)] (85)

Moreover, to make the further derivation tractable with finite input X, we only consider the
covariance constraints of elements within every size-M block ∀t ∈ [1, T ], [zlk](t−1)M+1:tM .

4.2 Bethe Free Energy Optimization

The optimization criteria can be concluded by

min
b

BFE

s.t. (80) ∼ (85).
(86)

We observe the term D[bδlk(zlk,hlk,xk)∥δ(Zlk − hlkx
T
k )] in (79). Since we need to minimize the

BFE, the posterior factor bδlk must contain the factor δ(Zlk −hlkx
T
k ) to avoid infinity BFE value.

In order to have an analytical algorithm, we further assume the following form for the distribution
factor bδlk :

bδlk(zlk,hlk,xk)=bδh,lk
(hlk)bδx,lk

(xk)δ(Zlk−hlkx
T
k ), (87)
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where the belief bδh,lk
and bδx,lk

are beliefs normalized to one. By using Lagrangian methods, we
can obtain the following message-passing style system of equations along with (87):

bfzl (zl1, . . . , zlK)=p(Yl|zl1, . . . , zlK)
∏
k

µzlk;fzl
(zlk) (88)

bfhlGg
(hlGg

) = p(ỹp,lg,hlGg
)
∏

k∈Gg

µhlk;fhlGg
(hlk) (89)

bfxk
(xk) = p(xk)µxk;fxk

(xk) (90)

bδh,lk
(hlk)=µhlk;δlk(hlk)e

∫
bδx,lk

(xk)lnµzlk;δlk
(vec(hlkx

T
k))dxk (91)

bδx,lk
(xk)=µxk;δlk(xk)e

∫
bδh,lk

(hlk) lnµzlk;δlk
(vec(hlkx

T
k))dhlk (92)

bzlk
(zlk) = µzlk;fzl

(zlk)µzlk;δlk(zlk) (93)

bhlk
(hlk) = µhlk;fhlGg

(hlk)µhlk;δlk(hlk) (94)

bxk
(xk) = [µxk;fxk

(xk)
∏
l

µxk;δlk(xk)]
1/L, (95)

The equations (87)∼ (92) describes the factor level beliefs while (93)∼(95) are variable level beliefs.
For all f ∈ F, θ ∈ V, we interpret µθ;f as the variable to factor message. Furthermore, we can
define the factor to variable messages such that the following relation holds [11]

∀f ∈ N(θ), µθ;f (θ) =
∏

f ′∈N(θ)/{f}

µf ′;θ(θ), (96)

where N(θ) denotes the neighborhood around θ in the corresponding factor graph. Thus, (95) can
be rewritten into the message passing form

bxk
(xk) = µfxk

;xk
(xk)

∏
l

µδlk;xk
(xk) (97)

Since the sufficient statistics we consider here are first and second-order moments, the messages
µfhlGg

;hlk
, µδlk;hlk

, µfzl ;zlk
and µδlk;zlk

are all (unnormalized) Gaussian distributions. Therefore,

in the following, for all f ∈ F,θ ∈ V, we use mf ;θ, Cf ;θ to denote the mean and covariance of
the factor-to-variable (normalized) message distributions µf ;θ. For convenience, we also denote
the mean and covariance of the variable-to-factor (normalized) message µθ;f as mθ;f and Cθ;f .
We should note here that the factor-to-variable messages fully determine those variable-to-factor
messages and beliefs.

Furthermore, since the second-order sufficient statistics of zlk considered here only include the
covariance between the elements within each block sub-vector ∀t ∈ [1, T ], [zlk](t−1)M+1:tM , the
covariance matrices Cδlk;zlk

∈ CMT×MT and Cfzl ;zlk
∈ CMT×MT are block diagonal matrix with

block size equals to M . For simplicity, for all block matrix C, we use the notations {C}tt,M to
denote the t-th M × M block matrix on the diagonal of C. Analogously, we use the notation
{m}t,M to denote the t-th block vector of size M × 1 in m, i.e., the subvector [m](t−1)M+1:tM .

The computation of factor-level beliefs (88)∼(90), are composed of two types of factors, the
true factors given by the joint pdf model, e.g., p(ỹp,lg,hlGg ), and variable-to-factor messages, e.g.,
µhlk;fhlGg

. We will use the term ”intrinsic” to denote the true factors and use ”extrinsic” to

denote the variable-to-factor messages. Those messages can be understood as the ”rest” part of
the approximated posteriors besides the true intrinsic. For example, if we look at (89), the extrinsic∏

k∈Gg
µhlk;fhlGg

can be interpreted as an approximation of p(Yp,Y,hlGg )/p(ỹp,lg,hlGg ), where

p(Yp,Y,hlGg
) is the marginalization result of (2).

Since the optimal point of the BFE can be purely represented by those factor-to-variable mes-
sages, we will focus on deriving the update of the factors-to-variable messages in the following
context. Meanwhile, the update of all the variable-to-factor messages follows (96).

16



CellFree6G Deliverable 3.2

5 Detailed Derivations

The messages are updated iteratively (update one message a time while considering the other
messages to be known) by satisfying the constraints (80)∼(85), which describe the consistencies
between the factor-level beliefs ∀f ∈ F, bf and variable-level beliefs ∀θ ∈ V, bθ. Each pair of the
(marginalized) factor-level belief and variable-level belief constrained by (80)∼(85) always has one
message different. We will update that different message by considering the consistency constraints.
Note, in this paper, we base our discussion on the factor-to-variable messages since the variable-
to-factor message is entirely determined by the definition (96). We can consider the variable-to-
factor messages as aliases of the corresponding factor-to-variable messages. For example, µzlk;δlk

is considered as the same message as µfzl ;zlk
.

5.1 Update of Message from Measurement Likelihood

We first investigate the constraint between the beliefs bfzl and bzlk
given by (88) and (93). Accord-

ing to the constraint given by (82), we need to match the marginal mean and covariance matrix of
zlk. Since the pdf p(y|zl1, . . . , zlK) is a Gaussian pdf with block-diagonal covariance matrix, the
belief bfzl is also a Gaussian with block-diagonal covariance matrix. Because Gaussian pdf is fully
determined by mean and covariance matrix, matching the moment of zlk between (88) and (93) is
equivalent to matching the entire distribution between the marginalized version of (88) bfzl (zlk)
and the belief bzlk

(zlk) given by (93). Therefore, by forcing the equality bfzl (zlk) = bzlk
(zlk), the

update equation for the message µfzl ;zlk
can be obtained by Gaussian reproduction lemma [12]:

µfzl ;zlk
(zlk) = CN (zlk|yl −

∑
k′ ̸=k

mzlk′ ;fzl
,Cv+

∑
k′ ̸=k

Czlk′ ;fzl
).

5.2 Update of Message from Channel Prior and Pilot

The consistency constraint between (89) and (94) is given by (84). A detailed derivation of the
update equation can be found in [8]. The mean and covariance matrices of µfhlGg

;hlk
(hlk) are

given by

CfhlGg
;hlk

=
(
Ξ−1

hlk
+C−1

v+hlk|y

)−1

(98)

mfhlGg
;hlk

= CfhlGg
;hlk

C−1
v+hlk|y

mv+hlk|y, (99)

where Cv+hlk|y can be interpreted as the covariance matrix of the interference (estimated from
observations y and prior knowledge) plus noise, and mv+hlk|y can be interpreted as the new
observation with interference terms removed, i.e.,

Cv+hlk|y =
σ2
v

σ2
xP

I+
∑

k′∈Gg/{k}

Chlk′ |Y (100)

mv+hlk|y =
1

σ2
xP

yp,lg −
∑

k′∈Gg/{k}

mhlk′ |Yd
, (101)

where

Chlk|Yd
= (Ξ−1

hlk
+C−1

hlk;fhlGg

)−1

mhlk|Yd
= Chlk|Yd

C−1
hlk;fhlGg

mhlk;fhlGg
.

(102)
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5.3 Update of Message from Data Prior

The consistency constraint between (90) and (97) is given by (81). Thus, we can immediately get

µfxk
;xk

(xk) = p(xk). (103)

5.4 Update of Message from Bilinear Delta to Data Node

The update of the message µδlk;xk
is obtained by satisfying the consistency constraint (80) between

the beliefs (92) and (97). Following the definition of bδlk in (87), we can immediately obtain
µδlk;xk

(xk) = bδx,lk
(xk)/µxk;δlk(xk). It can be seen from (91) that the belief bδh,lk

is Gaussian
(more details in section 5.5. In fact, we can see bδh,lk

= bhlk
.). Thus, the message µδlk;xk

can be
derived as

µδlk;xk
(xk) ∝

∏
t

CN (xkt|m̂δlk;xkt
, τ̂δlk;xkt

), (104)

with

τ̂δlk;xkt
= tr

[
{Czlk;δlk}

−1
tt,MRbδh,lk

]−1

(105)

m̂δlk;xkt
= τ̂δlk;xkt

mH
bδh,lk

{Czlk;δlk}
−1
tt,M{mzlk;δlk}t,M , (106)

where mbδh,lk
and Rbδh,lk

= Cbδh,lk
+mbδh,lk

mH
bδh,lk

denote the mean and correlation matrix of the

Gaussian pdf bδh,lk
calculated in section 5.5. Note here that the (normalized) message µδlk;xk

(xk) is
a categorical distribution, and thus, the variables m̂δlk;xkt

, τ̂δlk;xkt
are just parameters for computing

the message, they do not correspond to the mean and variance of the elements in xk ∼ µδlk;xk
(xk).

From this point, we can also update the belief by

bδx,lk
(xk) = µδlk;xk

(xk)µxk;δlk(xk). (107)

5.5 Update of Message from Bilinear Delta to Channel Node

The beliefs given by (91) and (94) should satisfy the consistency constraint (85). The exponential
factor in (91) can be verified as an (unnormalized) Gaussian. Therefore, the belief bδh,lk

is Gaussian,
and the outbound message is computed by µδlk;hlk

(hlk) = bδh,lk
(hlk)/µhlk;δlk(hlk). The mean and

covariance matrix of the Gaussian message µδlk;hlk
are

Cδlk;hlk
=

(∑
t

[rbδx,lk
]t{Czlk;δlk}

−1
tt,M

)−1

mδlk;hlk
=Cδlk;hlk

(∑
t

[mbδx,lk
]∗t {Czlk;δlk}tt,M{mzlk;δlk}t,M

)

where rbδx,lk
= Ebδx,lk

[xk.x
∗
k], mbδx,lk

= Ebδx,lk
[xk] and ”.” denotes element-wise product. Thus,

we update the belief by

bδh,lk
(hlk) = CN (hlk|mbδh,lk

,Cbδh,lk
)

= µδlk;hlk
(hlk)µhlk;δlk(hlk).

(108)

5.6 Update of Message from Bilinear Delta to Bilinear Mixing Node

We examine the moments consistency between (87) and (93) based on (83). Note here the message
µzlk;δlk is implicitly included in bδlk due to the definition (91) and (91). Therefore, we will update
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µδlk;zlk
to make (87) and (93) consistent. The update equation of µδlk;zlk

can be derived to be

µδlk;zlk
(zlk) =

proj[bδlk(zlk)]

µzlk;δlk(zlk)
, (109)

where the operation q(zlk) = proj[p(zlk)] projects the distribution p to Gaussian family q with
block covariance matrices, such that the sufficient statistics ϕzlk

(zlk) of p and q are the same.
Thus, the message µδlk;zlk

is updated by

µδlk;zlk
(zlk) =

CN (zlk|mbδz,lk
,Cbδz,lk

)

CN (zlk|mzlk;δlk ,Czlk;δlk)
, (110)

with

mbδz,lk
= mbδx,lk

⊗mbδh,lk

Cbδz,lk
= diag(rbδx,lk

)⊗Cbδh,lk
+Cbδx,lk

⊗mbδh,lk
mH

bδh,lk
,

where Cbδx,lk
= Ebδx,lk

[xkx
H
k ]. According to (107), the belief bδx,lk

is entirely determined by the

messages µfxk
;xk

and ∀l, µδlk,xk
, which are all independent according to (103) and (104). Therefore,

the covariance matrix Cbδx,lk
is a diagonal matrix.

Note that the belief distribution bδlk(zlk) is a Gaussian mixture model. Thus, the resulting
covariance matrix Cδlk;zlk

may not be positive semi-definite. We propose the following correction:
whenever the eigenvalue of Cδlk;zlk

is negative, we reset it to a large value to indicate that the
estimation during the current iteration step is not correct. Since we are using the iterative algorithm
to find the fixed point of the BFE, resetting the value will not change the final result.

6 Decentralization Method

Until this point, we have developed a distributed BFE-based message-passing algorithm since a
CPU is needed to compute the messages µxk;δlk . These messages are only used to compute the
beliefs bδx,lk

which are then used to update the messages µδlk;hlk
and µδlk;zlk

. Based on this
observation, we use the backhaul message-passing scheme (physical message passed from AP to
AP) proposed in [8] to decentralize the computing of bδx,lk

. We define the update rule of the
backhaul message from AP l to AP l′ to be

νl→l′(xk) = µδlk;xk
(xk)

∏
l′′∈N(l)/{l′}

νl′′→l(xk), (111)

where we exploit the notations and use N(l) to denote the neighborhood of AP l in the AP network.
At each AP, the approximated version of belief bδx,lk

(xk) is recovered by

b̂δx,lk
(xk) = p(xk)µδlk;xk

(xk)
∏

l′∈N(l)

νl′→l(xk). (112)

This approximated belief is exact when the two conditions hold: 1), the backhaul messages converge
to the steady point; 2), the AP network is acyclic. Nevertheless, we will use (112) to replace the
exact update in (107). A suggested update order is concluded in Algorithm 1. As we can see, at
each AP, our algorithm has a complexity of O[(M3 + |S|)KT ], where |S| denotes the size of the S.
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Algorithm 1 Proposed Method in one iteration

Require: ∀l, g, k, yl,pg, yl, p(xk), p(hlk), p(yl|zl1, . . . , zlK)
1: Initialize: All the factor-to-variable messages and bδh,lk

s.t.: 1), If Gaussian, then zero mean
and unit covariance matrices. 2), If categorical distribution, then uniform.

2: [∀l, At AP l, execute the following loop]
3: repeat [∀l′ ∈ N(l)k, g]
4: µzlk;fzl

(zlk) = µδlk;zlk
(zlk)

5: Update µfzl ;zlk
based on Section 5.1

6: µhlk;fhlGg
(hlk) = µδlk;hlk

(hlk)

7: Update µfhlGg
;hlk

based on Section 5.2

8: µfxk
;xk

(x) = p(xk) due to Section 5.3
9: µzlk;δlk(zlk) = µfzl ;zlk

(zlk)
10: Update µδlk;xk

based on Section 5.4
11: νl→l′(xk) = µδlk;xk

(xk)
∏

l′′∈N(l)/{l′}νl′′→l(xk)

12: bδx,lk
(xk) = p(xk)µδlk;xk

(xk)
∏

l′∈N(l)νl′→l(xk)

13: µhlk;δlk(hlk) = µfhlGg
;hlk

(hlk)

14: Update µδlk;hlk
based on Section 5.5

15: bδh,lk
(hlk) = µδlk;hlk

(hlk)µhlk;δlk(hlk) based on (108)
16: Update µδlk;zlk

based on Section 5.6
17: until Convergence

7 Simulation Results

In this section, we will verify the algorithm using numerical simulations. We consider a 400m×400m
area with M = 16 APs and K = 8 UTs. The APs are located at the coordinates ( 4003 i, 400

3 j), where
i, j ∈ {0, . . . , 3}. The UTs are uniformly randomly distributed over this area. The fading model
we use is [6],

σ2
l,k[dB] = −30.5− 36.7 log10(dlk), (113)

where dlk is the distance between AP l and UT k. All the neighboring APs within 400
3 meters

are connected and can exchange information of the estimated data symbols. Furthermore, as
illustrated in Algorithm 1, a synchronized message-exchanging scheme is used. To induce pilot
contamination, the default pilot sequence length is P = 6. The transmitted data sequence spans a
length of L = 10. We use 4-QAM constellation to generate the i.i.d. input symbols XT .

We maintain consistent positions for all APs and UTs for different realizations and conduct
simulations across 50 unique scenarios with varying H, V, and user data. The metric for evaluating

performance is channel normalized mean squared error (NMSE). It is calculated as
∑
tr(H̃H̃H)∑
tr(HHH)

,

where H̃ represents the estimation error. The simulation results are concluded in Fig. 1. For
comparison, we also plot the results of the VL-EP algorithm [4], which assumes Gaussian inputs,
and the EP-based decentralized algorithm [8], which assumes discrete inputs. In the Genie-Aided
scenario, we assume the data to be known. The performance curve of our proposed method
coincides with the EP-based decentralized method. However, EP-based decentralized has a higher
complexity, i.e., O[(|A|M3 + |S|)KT ] at each AP, where A = {x2|x ∈ S}.

8 Conclusions

In this paper, we begin with constrained BFE optimization. To avoid non-analytical integrals, such
as Gaussian mixtures, we introduce a key assumption (87) for the BFE. By iteratively enforcing
consistency constraints, we derive the proposed low-complexity message-passing algorithm for semi-
blind estimations. Since the message updates depend only on the belief bδx,lk

, our algorithm
integrates seamlessly into the decentralized scheme
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Figure 1: Channel NMSE (dB) versus SNR (dB)
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